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Abstract 
The grain crushing is frequently observed in the granular luaterials under a high pressure. It has 
been a noticeable topic in the geotechnical engineering field, since it causes volume shrinkage of 
the ground. Previous researches have revealed the basic characteristics of this phenonlenon but the 
crushing mechanism of an individual particle has not been fully understood. In this thesis, the grain 
crushing phenoluenon in the granular nlaterial is segluentalized into the following three processes: 
• Process I: internal structure and internal stress distribution are deternlined by the grading; 
• Process II: grain crushing occurs under a given condition of the internal structure; 
• Process III: grain crushing causes a progressive change in grading; 
This thesis presents detailed investigation in the abovenlentioned processes by three approaches: the-
oretical nl0deling, computational siluulation (DEM: Discrete Element Method) and physical tests 
(the luaxiluulU and the nlinilUUlU density tests, direct shear box tests, micro one-dimensional corn-
pression tests, and X-ray CT scan). 
For the purpose of Process I, a package of the studies have been done on the void ratio and 
the coordination nUlubers of binary and poly-dispersed mixtures using a theoretical model, DE]\1, 
the maxiluunl and the minimulu density tests and the direct shear box tests. First, an attenlpt has 
been done for luodeling a poly-dispersed mixture by a mechanically equivalent binary mixture and 
validated by in terms of void ratio and shear strength. Second, models predicting the void ratio 
and the coordination number of binary packing were built through a geometrical consideration, and 
validated by DE11:. Third, a series of packing siluulations of poly-dispersed mixtures with various 
initial grading was conducted using DEM silTIulation, and the effect of the grading on the coordination 
number and the void ratio was discussed. Finally, a prediction luodel for coordination nunlber 
distribution of poly-dispersed nlixture was developed. 
In order to investigate Process II and III, SOlue iluprovements were made on the DEM com-
putational methodology: a nl01uent spring function was introduced to DEM to simulate the brittle 
fracture of particles; crushable particle with less anisotropy in crushing strength was modeled by the 
random packing of elements. Then, several types of single particle crushing tests were conducted, 
where a crushable particle is compressed by loading particles with various sizes, nUlubers and po-
sitions. Three types of the crushing luechanism: cleavage destruction, bending fracture, and edge 
abrasion were observed. Finally, a series of one-dimensional cOlTIpression simulations of crushable 
particle asselublies with various particle shapes and initial gradings revealed that despite the differ-
ence in the crushing nlechanisnl, all the cases converged into a critical state having similar values of 
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void ratio, grain size distribution and average aspect ratio. In addition, an attempt was conducted 
for predicting the internal structure of granular material in the critical state from the single particle 
crushing characteristic. 
Then, a series of Inicro one-dimensional compression tests, X-ray CT scan and subsequent image 
processing was conducted on Masado-sand with various initial grading to validate the findings of 
DEM simulations. Three copies of the specinlens were prepared in each test; the compression tests 
were conducted until the ultinlate pressures of 0.8, 8 and 50MPa, respectively; the X-ray CT images 
taken before and after the conlpression. In general, test results agreed with the DEM simulation: the 
specimens converged into a critical state having similar grain size distribution, void ratio irrespective 
of the initial grading. 
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Chapterl 
I ntrod uction 
1.1 Background and objective 
Grain crushing is an iluportant issue in various geotechnical engineering fields, such as high rock-
fill dams, end-bearing piles, where soils are subjected to higher pressures. The grading change due 
to the grain crushing necessarily alters the mechanical characteristics of the granular rnaterial such 
as compressibility and shear strength, which luay be a crucial factor in the geotechnical design. 
Therefore, the mechanism of grading change associated with grain crushing should be clarified for 
the safe and optilual design of large structures on the ground. 
So far, various experinlental studies have revealed the fundaulental knowledge about the grading 
change caused by grain crushing such as follows: 
.. Grain crushing results in volunle cOlupression and reduction of dilation in shear; 
.. Intensive grain crushing occurs around the yield stress; 
.. In one-dimensional loading, the grading of the granular luaterial often approaches a critical 
state due to crushing. 
However, the grain crushing mechanislu of granular assembly has not been fully understood. In order 
to clarify the luechanism, luicroscale (i.e. grain size scale) observation is inevitable, which enable 
us to see individual particle motion, luutual effect and crushing process. Recently, the microscale 
investigation techniques as follows have beconle available: 
.. Discrete Eleluent Method (DEM) is a conlputational siluulation method recently used in 
various research fields. DEM can directly simulate the luotion of individual grains, and conse-
quently the macro behavior of granular assembly. In addition, grain crushing simulation using 
DEM was initiated; 
.. Xray CT scanning and subsequent image processing provide us three dimensional geometry 
data of granular assembly. 
On the basis of the above background, the objective of this study is to systematically analyze the 
changing process of grading, and estiluate the mechanical characteristics of granular assenlblies from 
the resultant. 
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1.2 Previous study 
1.2.1 Single particle crushing 
Rittinger and Kick introduced classical theories on the single particle crushing in the late 18th 
century: Rittinger (1867) [27] proposed that the crushing energy is consumed by the production of 
particle's new surface; Kick (1885) [27] propounded that the crushing energy is proportional to the 
volume of fragments. Many theories emerged in mid-20th century in combination with the rapid 
developlnent of solid-state physics. Bond [28] examined the relationship between the strain energy 
and the fragnlent diameter Dp and argued that the strain energy is proportional to D~, D~ and D~·5 
in the initial stage of crushing, after crack generation, and in the final stage, respectively. 
It has also long been known that the smaller particle generally has larger crushing strength [1] 
(Fig. 1.1), which is called "size effect". This is because the larger particle includes larger nunlber of 
Griffith cracks [29], which results in the statistical weakness. McDowell and Bolton [30] showed the 
crushing strength of sand grains with different size can be lnodeled by the \i\Teibull's equation [31]. 
The size effect is also evaluated by computational sinlulations, using Discrete Elenlent Method, in 
which a crushable particle is modeled by an aggregate of small elements [32]. 
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Fig.1.1 Mean tensile stress as a function of particle size [1]. 
Fracture morphology has been a topic of great interest as well. Through various types of compres-
sion tests on plaster cylinders, Guimaraes et al. (2007) [33] found that the fracture nlorphology is 
controlled by the loading nl0de. Kato et al. (2001) [34] classified the fracture lnorphology of sand 
grains and glass beads into four categories and showed that the fracture morphology is influenced 
by various factors such as grain size, mineral cOlnposition, weathering and so on. 
1.2.2 Particle crushing in the granular assembly 
Terzaghi and Peck (1948) [2] conducted one-dimensional cOlnpression tests on sand, sand-lnica 
mixture and clay (Fig. 1.2 (i)) for the first tilne to the author's knowledge. They obtained a rela-
tionship between the void ratio e and the pressure p in the nonnal scale and in the selni-logarithmic 
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scale (Fig. 1.2 (ii)). The latter one, known as "e-logp curve", has been cOInmonly used In the 
geotechnical engineering field. They found basic characteristics of the e-logp curve: 
.. e-logp relationship is almost horizontal when p is sufficiently small; 
.. it faces a folding point with a rise of p and shifts to a sloping line; 
.. the grain crushing starts around the folding point; 
.. under a considerably large p, e-logp relationship becolnes horizontal again. 
(a) (b) (i) ( i i ) z .----,.----, 
c 
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Fig.1.2 (i) Conceptual diagrant of the one-dimensional compression test and (ii) obtained 
relationship between the void ratio e and the pressure p by Terzaghi and Peck (1948) [2]. 
After Terzaghi and Peck (1948) [2], a great nUInber of researches have revealed the characteristics 
of this phenolnenon. Arnong theIn, followings are inlportant findings relevant to this thesis. 
Features of e-Iogp curve 
Many experimental researches have revealed the influence of macro parmneters (e.g. grain size 
distribution, initial void ratio) and micro parameter (e.g. particle shape, roughness, Inineral) on 
the feature of e-logp curve, e.g. Hagerty et al. (1993) [7] perfornled a series of one-dinlensional 
compression tests on three types of sand: Ottawa sand, a granulated slag called Black Beauty, and 
soda lime glass. They found that the particle crushing increases with increasing particle angularity 
and median particle size; the onset of particle crushing occurred at lower stresses for very loose 
specinlens than for dense specinlens and angular particles than rounded particles. 
Nakata et al. (2001) [35] obtained further information from another series of single particle crushing 
tests and one-dimensional cOInpression tests on eight types of granular materials: three gradings of 
Silica, Toyoura-sand, Aio-sand, Masado, glass ballotini and angular glass. They found that the yield 
stress increases with decreasing initial void ratio; in the saInples containing quartz and feldspar, the 
yield stress increases as the quartz content increases; the curvature of the folding point increases 
with increasing initial void ratio and the range of void ratios between maximUIn and minilnum; the 
one-dimensional compression yield stress is directly related to the single particle crushing strength. 
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Grain crushing behavior 
In addition to the abovelTIentioned investigations on the nlacro behavior of granular lTIaterials, 
sonle efforts have been done from the micromechanical perspective in order to clarify the grain 
crushing mechanislTI in the granular materials. Nakata et al. (2001) [3] conducted one dimensional-
compression tests on silica sand samples where twelve colored silica grains were embedded. They 
observed the crushing behavior of colored grains at five different level pressures and classified them 
into five categories: Type I as no visible dalTIage; Type II as a single abrasion or breakage of an 
asperity; Type III as more than one abrasion or asperity fracture; Type IV as nlajor splitting of the 
grain into two or more particles; Type V as further breakage of Type IV sub-particles (Fig. 1.3 (i)). 
According to the statistics of the existing ratio of each crushing pattern (Fig. 1.3 (ii)), it was found 
that about 60% of the particles suffered major grain splitting in the uniformly graded sand, while in 
the well-graded sand, the breaking of asperities and surface grinding occurred in large particles and 
the major splitting was observed in slllall particles. 
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Fig.1.3 (i) Five types of fracturing, (ii) ratio of the five types of fracturing under various 
pressure by Nakata et al. (2001) [3]. 
As Jaeger pointed out in 1967 [36], the coordination number, the number of contact points per 
particle, is the key to understand the crushing mechanism since an increase in the number of contacts 
lTIUSt reduce the induced tensile stresses. Liu et al. [4] observed the stress distribution of circular 
particle packing and irregular shaped packing using a photoelastic method and a nUlllerical lTIodel 
(Fig. 1.4). According to his research, particle crushing patterns were classified into two categories: 
quasi-uniaxial cOlllpression for the particle with two contact points and quasi-triaxial conlpression 
for the particle with lllore than two contact points. The particles under quasi-triaxial compression 
had larger strength than those under quasi-uniaxial cOlllpression. 
Prof. Einav's group applied silllilar classification of particle crushing depending on the coordination 
nUlllber: tensile splitting and shear splitting [5] (Fig. 1.5). In addition, they COlllputed a relationship 
anlong the particle crushing strength and the curvature and the nunlber of adjacent particles using 
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( i) . , 11 
Fig.l.4 Irregular shaped particle packing (i) of quasi-photoelastic stress fringe pattern and (ii) 
numerical model by Liu et al. (2005) [4]. 
Discrete Element simulation [6] (Fig. 1.6). 
r 
Fig.1.5 Conceptual diagram of (i) tensile splitting and (ii) shear splitting by Ben-Nun et al. (2006) [5]. 
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Fig.1.6 (i) An example of Discrete Element simulation with the coordination number four and 
(ii) the relationship of coordination number and curvature of the loading particles on crushing 
strength by Sukumaran et al. (2006) [6]. 
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Progressive change in grading 
Experimental researches indicated that the grading of the granular materials progressively changes 
due to the grain crushing, and converged into a critical state under a considerably high stress: e.g. 
Hagerty et al. (1993) [7] conducted a series of one-dimensional compression tests up to as high as 
689 MPa on Ottawa sand, Black Beauty, and soda lilne glass (Fig. 1.7 (i)); Lade et al. (1996) [8] 
performed series of triaxial Drained (or Undrained) cOlnpression (or tension) tests on Cambria sand 
(Fig. 1.7 (ii)). 
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Fig.I.7 Progressive changes in grain size distributions of (i) one-dimensional compression test 
on Otawa sand by Hagerty et al. (1993) [7] (ii) and of triaxial compression test on Cambria 
sand by Lade et al. (1996) [8]. 
Above Inentioned experimental studies indicated that the grading of granular materials converged 
into a critical state under a considerably high stress [3,7,8,37]' and this critical grading has beconle 
a subject of academic interest. 11cDowell et al. (1996) conducted an isotropic compression of 
triangular particles having a unique crushing criteria taking into account the Weibull's equation [31] 
and the influence of coordination nUlnber; they successfully conlputed the critical grading as a fractal 
distribution (Fig. 1.8); Lobo-Guerrero et al. (2006) also simulated the ring shear test of crushable 
particles using Discrete Element simulation, and obtained the fractal distribution of the critical 
grading (Fig. 1.9). In addition to the mathematical beauty, the fact that natural fault gouge has 
a fractal distribution [11] (Fig. 1.10) gives fractal distribution a physically reasonable impression. 
M:eanwhile as \i\Tood and Maeda (2008) suggested that the critical grading of natural soils is not 
necessarily fractal [38], the nature of critical grading relnains obscure without a clear understanding 
of the particle crushing mechanisnl. 
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change in grain size distribution by McDowell et al. (1996) [9]. 
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Fig.1.9 Particle images (i) at the early stage and (ii) at the critical state, and (iii) progressive 
change in grain size distribution by Lobo-Guerrero et al. (2006) [10]. 
Fig.l.10 Image of a gouge of Nojima fault zone by Keulen et al. (2007) [11]. 
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1.2.3 Influence of grading on the structure and the mechanical characteristic of granular 
materials 
Void ratio 
In general, well-graded granular materials have denser structure than poorly-graded ones. It is 
because the snlall particles can fill the void fornled by the large particles in the well-graded granular 
materials. 
The void ratio of a binary sphere packing, a Inixture consisting of two different size spheres, 
has been studied theoretically and experinlentally. Furnas (1929) [12] built a theoretical model for 
predicting void ratio of binary packing whose particle size ratio (= large particle diameter / small 
particle diameter) is infinity for the first tilne (Fig. 1.11). Lade et al. (1998) made an excellent 
interpretation on Furnas's model: 
1. At the extreme case of 0% slnall particles, the large particles fonn a structure with an initial 
void ratio el, the void ratio of the large particle (see first sketch of Fig. 1.12). Slnall particles 
are then dropped into the primary fabric of large particles, thus increasing the weight without 
changing the overall volume, as indicated in the second inserted sketch in Fig. 1.12. This 
increases the content of small particles while the overall void ratio decreases. The nlininlum 
void ratio is obtained when the voids in the prinlary fabric are completely full of snlall particles 
with void ratio e2, the void ratio of the small particle (Fig. 1.12 line AB and the third sketch). 
2. As the fraction of small particles increases beyond the point of minimum void ratio, the large 
particles in the prinlary fabric are pushed apart, as shown in Fig. 1.12. Upon reaching 100% 
snlall particles (Point C in Fig. 1.12), there are no large particles left in the mixture. 
However as shown in Fig. 1.11, experimentally obtained void ratio of the actual binary packing with 
finite value of particle size ratio becomes larger than the Furnas's theoretical model. McGeary (1961) 
[14] found that the dry density of binary mixtures decreases, namely the void ratio increases, with 
decreasing the particle size ratio through packing tests of metal spheres (Fig. 1.13 (i)). Yerazunis 
et al. (1962) [15] built a model taking account of the distortion of the alignnlent of small particles 
around the large particles (Fig. 1.13 (ii)). However their model covers just the larger half of % snlall 
particles and includes an enlpirically detennined constant K. 
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Fig.1.13 (i) Binary packing of coarse steel shot with some other sizes by 11cGeary (1961) [14] 
(ii) Binary packing of crushed glass and glass spheres of various sizes by Yerazunis et al. 
(1962) [15]. 
Coordination number 
The coordination nUluber, the nUluber of contact points per particle, is an essential parameter to 
connect the structure and the n1echanical characteristic of granular materials [39]. 
Sn1ith et al. [16] conducted a pioneering investigation on the coordination nun1ber of n10no-sized 
sphere packing experimentally and theoretically. Lead shots of 3.78 mm radius were poured into 
a beaker; 20 % solution of acetic acid was slowly introduced until the beaker was filled, and then 
drained; after several hours the white circular deposit on the lead shot surface was counted. They 
also built a siluple n1ethod to model a given binary packing by a n1ixture of the densest (HCP: 
Hexagonal Closest Packing) alignluent and the loosest (SC: Sin1ple Cubic) alignment. Considering 
the porosities of HCP and SC are 0.2595 and 0.4764, respectively, the porosity of given binary 
mixture P is calculated with the HCP fraction x as follows: 
P = 0.2595x + 0.4764(1 - x) (1.1) 
and 
0.476 - P 
x=----
0.217 (1.2) 
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Give the numbers of spheres in unit volume of HCP and SC are 21/ 2 /8r 3 and 1/8r3 , respectively, 
and the coordination number of HCP and SC are 12 and 6 in each, the coordination number of a 
given binary mixture n will be determined with the HCP fraction x as follows: 
12x21/ 2 /8r 3 + 6(1 - x) /8r3 1 + 1.828x 
n= =6----
x21/ 2 /8r 3 + (1 - x) /8r 3 1 + 0.414x (1.3) 
Figure 1.14 shows an agreement of theoretical model with the experimental results. 
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Fig.L14 Average number of contacts per sphere as a function of the porosity by Smith et al. (1929) [16]. 
After smith et al., Goodling [40] measured experimentally the frequency distribution of the coordi-
nation numbers, and Iwata et al. theoretically predicted it [41]. These researches have indicated 
that the coordination number of poorly-graded granular materials of spherical shape simply depends 
on their packing state. Recently, however, Katagiri (2012) [17] found that the coordination num-
ber is not uniquely determined by the void ratio but depends on the way of packing: Figure 1.15 
compares the coordination number versus the void ratio relationship of granular materials packed 
by FC-method, where the inter-particle friction angle was controlled during the packing, and that 
by CC-method, where tl,le particles with a constant friction angle was packed by repetitive shear. 
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Fig.L15 Comparison of the coordination number No of granular materials packed by FC-
method and by CC-method with respect to the void ratio by Katagiri (2012) [17]. 
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The coordination number of well-graded granular n1aterials is determined not only by their packing 
state but also by their composition. Oda [18] measured the coordination number distribution of 
binary mixtures by similar tests to those conducted by Smith (1929) [16] but with different materials: 
glass balls and Indian ink instead of lead shot and acetic acid (Fig. 1.16 (i)). He conducted the 
drained triaxial compression test on the mixtures and found that not only the average value but also 
the standard deviation of the coordination number play important role on the shear strength of the 
materials (Fig. 1.16 (ii)). 
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Fig.1.16 (i) Frequency distributions of the coordination number in the binary packing of 5.2 
mm and 12.3 mm glass balls (H'j means weight percent of 5.2 mm glass balls) (ii) Relation 
between average value and standard deviation of the coordination number in the assemblies 
having various internal friction angles ¢ by Oda (1977) [18]. 
This type of experin1ental measurement is not applicable to well-graded granular Inaterials includ-
ing countless nun1bers of finer particles. In 1980s a simple geon1etrical consideration of the pal'ti-
cle configuration yielded Inodels predicting the ll1ean coordination number of well-graded spheres 
[42-44]. These models, however, were not able to predict the frequency distribution of the coordi-
nation nUlnber which is also considered to affect the shear strength of granular ll1aterials [18]. 
1.3 Perspective and structure of this study 13 
1.3 Perspective and structure of this study 
Figure 1.17 illustrates the perspective image of this study. Physical phenOITIena of the change in 
grading and grain crushing are related to conceptual images of a construction site. The phenOITIena 
occur sequentially as follows: 
.. At the beginning, the ground has its initial grading; 
.. As the pressure increases, SOlTIe particles subjected to high stresses cause crushing (A in Fig. 
1.17); 
.. Grain crushing changes the grading (B in Fig. 1.17); 
.. Internal structure and stress distribution in the granular n1aterial vary due to the change in 
grading (C in Fig. 1.17); 
.. Under the new structure, SOITIe particles freshly subjected to high stresses n1ay crush (D in 
Fig. 1.17); 
.. Cycle consisting of process B, C and D cycle proceeds until the pressure incren1ent stops or 
until the grading reach the critical state (E in Fig. 1.17). 
The process B(and E), C, D and F will be discussed in detail as a ITIain body of the thesis. 
Each chapter deals with n10dels built frOlTI the micro-n1echanical perspective, and their evaluation 
by DEI\1 silTIulations, micro one-dilTIensional compression tests with Xray CT scanning, or other 
physical tests. 
Chapter 2 discusses the influence of grading on the internal structure. First, an attempt to model 
a well-graded mixture by a mechanically equivalent binary ITIixture is introduced, and this procedure 
is evaluated in terms of the void ratio and the shear strength by DEM sin1ulations, density tests and 
direct shear box tests. Second, ITIodels for predicting the void ratio and the coordination number 
of binary mixtures both in two-dimension and in three-din1ension are built through a geometric 
consideration; the ITIodel prediction was evaluated by the two-dimensional DEM and the packing 
tests. Third, various types of poly-dispersed packings were prepared by two-din1ensional DEM, and 
their void ratios and the coordination numbers were measured; A model which is able to predict the 
coordination number distribution only from the grain size distribution is proposed. 
Chapter 3 deals with some in1provements on the computational technique for precise simulation 
of particle crushing: a ITIOment spring function is introduced to conventional DEM for avoiding the 
string-like behavior of the bonded particles aligned in a line; a crushable particle ,vith less anisotropy 
in the crushing strength is designed. Then, several types of single particle crushing simulations are 
conducted on newly-designed crushable particles using the DEM equipped with the moment spring 
function; A simple ITIodel predicting the internal structure of the critical grading only fron1 the 
single particle crushing characteristic is proposed; Three types of crushing mechanislTIs (cleavage 
destruction, bending fracture and edge abrasion) are observed depending on the location of adjacent 
particles. Finally, a series of one-din1ensional compression tests on samples with various initial 
gradings and particle shapes was sirnulated; The crushing mechanislTI varies depending on the initial 
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grading and the particle shape, nevertheless all the cases converged into a critical state which defined 
by unique values of void ratio, grain size distribution and aspect ratio. 
In Chapter 4, single particle crushing tests, micro one-dimensional compression tests and CT scan-
ning are conducted on Masado-sand (decomposed granite in Japan). Through the single particle 
crushing tests, Masado-sand showed two types of crushing behaviors: splitting into a few fragments 
with a big peak stress in stress-strain curve; fracturing gradually with a sawtooth response of stress 
against strain. Micro one-dimensional compression tests were conducted on the Masado-sand with 
three types of the initial grain size distributions; The test results agreed well with the DEM simu-
lations in the sense that: the grading curve approach to a unique curve due to the grain crushing; 
the void ratio converged into a unique value irrespective of the initial grading. Then X-ray CT 
scan was conducted on the specimens under various stress levels. The small debris increased with 
increasing the compressive pressure due to grain crushing, and finally filled the void of the large 
particles which remained uncrushed. The three-dimensional particle shape data obtained by the 
image processing [26] validated that the average aspect ratio of Masado-sand wa~ unchanged from 
1.4 during the whole range of compression as had been expe~ted by the DEM simulation. 
The conclusions were remarked in Chapter 5. 
In addition, as Appendix A, this thesis includes a series of DEM simulations and physical tests 
about the influence of grading on the shear characteristics. 
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Fig.l.17 Perspective image of this study. 
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Chapter2 
Influence of grading on internal structure 
2.1 Introduction 
The packing density of granular Inaterials depends on the packing condition as well as the grading: 
in general, the higher the energy driven to the materials and the larger the dispersion of the particle 
size the higher the packing density. 
In this chapter the packing state of granular Inaterials is Inainly discussed in ten11S of two paraln-
eters, i.e. the void ratio e and the coordination number n. The void ratio, which is a con1mon index 
in geotechnical engineering, is defined as follows: 
Vv 
e = Vs ' 
(2.1) 
where Vv and Vs are the volulnes of voids and solid particles, respectively. The coordination nUlnber, 
which is the average nUlnber of contacts for a particle and gives us Inore direct information on the 
internal structure, is computed by the following equation: 
2C 
n=N' 
where Nand C are the total nUlnbers of particles and contact points of a granular assembly. 
(2.2) 
Smith [16] and Oda [18] experin1entally derived the relationship between the void ratio and the 
coordination number individually. However, Katagiri [17] revealed that the coordination nUlnber 
takes different values depending on the packing method even with a unique value of the void ratio. 
The previous studies have mainly investigated two types of gradings: the binary (or ternary) 
Inixture which is the mixture of two (or three) sized particles, and the poly-dispersed n1ixture which 
is the mixture of particles of various sizes. 
The binary n1ixture has been of great interest in the various research fields such as geotechnical 
engineering, powder technology, agronomics, dental engineering and so on. The void ratio of the 
binary packing has been studied theoretically and experimentally. Furnas (1929) [12] built a theoret-
ical model and cOlnpared it with the experiments: McGEARY (1961) [14] showed that the void ratio 
of the binary packing depends on the particle size ratio and also built a model for the ternary and the 
The contents of this chapter were published in [45-48] 
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quaternary packing. Lade and YanlalTIUrO (1998) [8] reviewed the Furnas's lTIodel and investigated 
the influence of the binary packing conlposition on the compressibility and the static liquefaction 
potential. 
The coordination number of the binary packing has been of great concern as well. Oda [18] ex-
perimentally investigated the effects of the composition on the coordination number using binary 
spheres, and pointed out that the frequency distribution of the coordination number plays an im-
portant role in the shear strength. Suzuki et al. [49] built a model which predicts the coordination 
number of the binary packing consisting of cohesive particles. 
On the other hand, there have been a slTIall nunlber of systematic studies on well-graded granular 
materials compared with the binary mixture. It is because Inany parameters are necessary to identify 
the composition of well-graded granular materials, and hence systelnatic analysis is difficult. It is 
useful, therefore, if a well-graded granular material can be modeled by a mechanically equivalent 
binary mixture. In 1980s a simple geonletrical consideration for the particle configuration yielded 
several nl0dels predicting the mean coordination number of well-graded spheres [42,43,50]. These 
models, however, were not able to predict the frequency distribution of the coordination number 
which is also considered to affect the shear strength of granular materials [18]. 
On the basis of the above-mentioned background, Section 2.2 describes an attempt to model well-
graded granular nlaterials by mechanically equivalent binary nlixtures. The lTIodel was validated by 
cOlTIparison with packing tests and the direct shear box tests in terms of the void ratio and the shear 
strength. 
Section 2.3 introduces a model predicting the void ratio and the coordination nunlber of binary 
mixtures in two- and three-dimensions was built through a geometrical consideration. The predicted 
void ratio was validated by comparison with DEM simulations and packing tests; the predicted 
coordination nunlber was validated by conlparison with DEI\1 simulations. 
Section 2.4 presents DEI\1 sinlulations of the packing of two-dimensional disk assemblies with 
various gradings. The influence of the grading on the void ratio and the coordination nUlTIber will 
be discussed. 
Section 2.5 proposed a nlodel which can predict the average value and the frequency distribution 
of the coordination number only fronl the grain size distribution. The proposed lTIodel was validated 
by conlparison with DEM silTIulation. 
Conclusion of Chapter 2 will be presented in Section 2.6. 
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2.2 Binary mixtures and well-graded mixtures 
2.2.1 A simplification model of well-graded granular materials 
The author proposed a lnodel which silnulates a well-graded granular nlaterial with a binary 
nlixture. The binary nlixture is characterized by the diameters of snlall and the large particles, D s 
and D L, and the particle size ratio a = D L / D s ;:: 1, and the nlass fraction ratio of the small particles 
lVs . The schematic inlage of the model is shown in Figure 2.1, in which particle size is plotted in 
a semi-logarithmic scale. In order to quantify the difference in size distribution between the target 
well-graded granular lnaterial and the corresponding binary nlixture, four areas All A2, A3 and A4 
are defined as shown in the figure. The optimal values of DL, Ds and His are detennined such that 
the dispersion S defined as follows takes its lninimum value,: 
4 
S = L(Ai - A)2, (2.3) 
i=I 
where A is the average of AI, A2, A3 and A4. The paranleters of the binary nlixture, i.e. DL, Ds 
and TiV s, are nUll1erically detennined. It is to be noted that Al to A4 should be calculated using the 
gradation curve plotted in selni-logarithnlic scale. 
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Fig.2.1 The schematic image of the model. 
As can be indicated by Eq. 2.3, S takes its mininlum value zero when Al = A2 = A3 = A4 = A 
for appropriate values of the paralneters His, D sand D L. Let us consider the following steps to 
detennine W s , Ds and DL with a continuously increasing grading curve (Fig. 2.1), where TiVs , Ds 
and DL have the following relationships with All A2, A3 and A4: 
BAI = ° BA2 BA3 BA4 (2.4) 
8Ws ' BWs > 0, BWs < 0, 8Ws = 0, 
BAI BA2 BA3 = ° BA4 = ° (2.5) BDs > 0, 8Ds < 0, BDs ' 8Ds ' 
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(2.6) 
1. W s is arbitrarily determined (e.g. 50%). 
2. D sand D L are separately determined so that Al becomes equal to A2 and so that A3 becomes 
equal to A4, respectively. If AI, A2, A3 and A4 have the same value coincidentally, the 
determination process is completed; otherwise the further steps are taken assulning that Al = 
A2 < A3 = A4 or Al = A2 > A3 = A4. The following steps are for the former cases, but 
similar procedure can be taken for the later case. 
3. Let us designate Al to A4 by A~ to A~ in this state (see the first row in Table 2.1, where their 
magnitude relationship were shown as well). 
4. Then, Ws is adjusted so that Ag becomes equal to A~; they are designated as Ag' and A~', 
respectively (second row in Table 2.1). 
5. Ds and DL are adjusted separately so that A~ becomes equal to Ag' and so that A~ becomes 
equal to Ag', respectively. They are renamed as Ai, A~, A§ and Al and their nlagnitude 
relation is shown in the third row in Table 2.1. 
6. Similarly to the above, nth adjustlnent of the parameter Ds and DL gives the magnitude 
relationship as A~-l < A~ = A2 < A3' = A4' < A~-l (the bottom row in Table 2.1), which 
implies that AI, A2, A3 and A4 converge to a unique value, which results in S ~ 0, after a 
sufficient number of adjustlllents on Ws, Ds and D L. 
Table2.1 Determination process for l11s, Ds and DL. 
No. Action Al A2 A3 A4 
1 Initial state AO I AO 2 < AO 3 AO 4 
2 pt adjustnlent of Ws AO I < AO' 2 AO' 3 < AO 4 
3 1 st adjustnlent of D sand D L (A~ <)Ai Al 2 < Al 3 Al( < A~) 
2n-2 n-1 th adjustnlent of D sand D L An- l I An- l 2 < An- l 3 An- l 4 
2n-1 nth adjustlnent of Ws An- l I < An-I' 2 An-I' 3 < An- l 4 
n nth adjustnlent of Ds and DL (A~-l <)A~ An 2 < An 3 A4'( < A~-l) 
2.2.2 Test samples 
To validate the sinlplification lllodel, the well-graded nlixtures with various grading and materials 
were prepared, and their void ratio 'were compared with those of the equivalent binary Inixtures 
obtained by the silllplification model nlentioned above. Table 2.2 and Figure 2.2 show the list and 
the closeup inlages of the grains used in the experinlents. In addition, four types of well-graded 
Inixtures of silica sand and glass beads were prepared (Fig. 2.3). 
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Table2.2 Various types of samples. 
Particle dialneter Mean diameter Dso Variety of grains 
range (mnl) (lnm) Sample nanle 
Toyoura-sand 0.20 0.20 TO(0.20) 
3.4 - 4.8 4.1 GB(4.1) 
1.0 - 1.40 1.2 GB(1.2) 
Glass beads 0.25 - 0.43 0.34 GB(0.34) 
0.13 - 0.18 0.15 GB(0.15) 
0.045 - 0.090 0.068 GB(0.068) 
Silica sand 
1.0 - 2.0 1.5 SL(1.5) 
0.6 - 1.0 0.80 SL(0.80) 
2.2.3 Model evaluation 
Packing density test 
.Grain density test As a preliminary test, the graIll densities of the various types of granular 
materials were Ineasured according to the density test JISA1202, in which a Inicrowave was used 
for tinle-saving . 
• Minimum and maximum void ratios The nlinimunl and the Inaxilnuln void ratio of the test sanlples 
were deternlined according to JISA1224 using a standard type mold (internal dianleter: 60.00±0.05 
mm, depth: 40.00±0.05 mm). Special attention was required to limit the effect of segregation in the 
cases of the binary nlixtures and the well-graded nlixtures. For exalnple, the sample was well mixed 
during the whole process of packing to keep honl0geneity; the average value was taken from the 
several tests conducted under the Salne condition. Table 2.3 lists the grain density Ps, the Ininilnum 
void ratio emin and the Inaxinlum void ratio e max of various samples. 
Test cases and results 
Each of the four types of well-graded Inixtures, SG-A, SG-B, SG-C and SG-D, was Inodeled by 
its nlechanically equivalent binary Inixture according to the procedure described in Section 2.2. 
However, because of the linlitation of the sieve Inesh sizes, the Inost appropriate D Land D s were 
replaced by the nearest sieve mesh sizes, nalnely GB(0.15) and SL(1.5), respectively. Table 2.4 lists 
the nlost appropriate paralneters and that were actually used. Note Appendix A.l presents shear 
characteristics of Silica-G lass beads nlixtures as a supplenlental information. 
Figures 2.4, 2.5, 2.6 and 2.7 conlpare the grain size distributions of the well-graded sanlples (SG-A, 
SG-B, SG-C and SG-D), the nl0deled binary mixtures, and the actually used binary mixture. 
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(a) TO(O.20) c) GB(1.2) 
(d) GB(0.34) 
(g) SL(1.5) ) L(O. 0) 
Fig.2.2 Closeup images of samples. Abbreviations stands for as follows: TO (Toyoura-sand) , 
GB(Glass beads) , RV(River sand or gravel) , and SL(Silica sand) . The numbers shown in 
parentheses represent the mean diameter Dso of the grains in mm. 
The simplification model was validated in terms of the minimum and maximum void ratios; the 
maximum and the minimum void ratios of the binary mixture, namely the mixtures of GB(O.15) 
and 8L(1.5) with various W s , were measured. Figure 2.8 compares the maximum and the minimum 
void ratios of the well-graded samples (8G-A, 8G-B, 8G-C and 8G-D) and their equivalent binary 
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80 
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10 
Fig.2.3 Grain size distributions of the mixtures of the silica sand and the glass beads. 
Table2.3 Grain density and packing density 
Sample 
Particle size Grain density l\1inin1un1 void Maxin1UlYl void 
Toyoura-sand 
Glass beads 
Ri ver sand or 
gravel 
Silica sand 
Masado-sand 
SG-A 
SG-B 
SG-C 
SG-D 
range (lUlU) Ps (gj cn12) ratio em in ratio erno,x 
0.10 - 0.30 2.64 0.612 1.00 
3.4 - 4.8 2.52 0.647 0.771 
1.0 - 1.4 2.50 0.597 0.715 
0.13 - 0.18 2.51 0.590 0.754 
0.4 - 4.0 2.72 0.538 0.899 
4.0 - 8.0 2.68 0.647 0.894 
0.4 - 1.0 2.69 0.658 1.02 
1.0 - 2.0 2.65 0.539 0.752 
<8.0 2.63 0.686 1.28 
4.25 - 8.0 2.63 0.937 1.58 
0.367 0.542 
0.284 0.458 
0.295 0.492 
0.450 0.676 
n1ixtures together with the theoretical relation derived by Furnas. (1929) [12] . Note that the well-
graded salYlples were plotted against TiV s of their equivalent binary mixtures. The figure shows that 
the well-graded n1ixtures are successfully luodeled by the binary n1ixtures in tern1S of the range of 
void ratios. 
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Sample 
SG-A 
SG-B 
SG-C 
SG-D 
Chapter2 Influence of grading on internal structure 
Table2.4 Mechanical parameters of F J8-1 and lunar soils. 
The most appropriate parameters Actually used paran1eters 
Ds 
(mIn) 
0.104 
0.104 
0.16 
0.236 
DL Ws Ds DL 
a (mm) (%) (Innl) (mm) 
0.70 58 6.7 0.153 1.5 
1.1 43 10.7 0.153 1.5 
1.4 32 8.8 0.153 1.5 
1.5 12 6.3 0.153 1.5 
100 I ___ a 
....__a 
I 
80 
-a-SCi-A 
-TIl<: l110st appropriate binary l11ixture 
20 
(D/ = 0.70111111. D, = 0.104111111. W, = 58%,) 
- - - Actually used binary mixture 
(f)/ = 1.5111111. f),. = 0.153111111. IY, = 58%) 
0.1 
Grain diameter (mm) 
Fig.2.4 Binary mixture model of 8G-A. 
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Fig.2.5 Binary mixture model of 8G-B. 
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58 
43 
32 
12 
a 
9.8 
9.8 
9.8 
9.8 
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Fig.2.6 Binary mixture model of SG-C. 
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Fig.2.7 Binary mixture model of SG-D. 
o 20 40 60 so 100 
Content of small particles, Ws (%) 
Fig.2.8 Minimum and maximum void ratios of binary mixtures of silica sand and glass beads, 
comparing with those of the well-graded rnixtures, SG-A, SG-B, SG-C and SG-D. 
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2.2.4 Application on to the Lunar soil simulant (F JS-l) 
The proposed Inodel was applied to a lunar soil simulant, F J8-1 produced in Japan by 8himizu 
Corporation. F J8-1 is made from Mt. Fuji basalt and its grain size distribution is adjusted to that 
of lunar soil [51]. The grain size distribution ofFJ8-1 is shown in Figure 2.9 (solid line with synlbols) 
together with the size distribution range of retrieved lunar soils (solid line). 
Figure 2.10 compares the particle distribution curves between F J8-1 and the binary packing nl0del 
made by the proposed method in which F J8-1 is replaced by the equivalent binary mixture with the 
parameters Ds = 0.051 mnl, DL = 0.45 mm and Ws = 56.7 %. To verify the effectiveness of the 
proposed method, the author used three types of screened F J8-1, whose grain sizes were less than 
74 microns (type A), 250 microns to 74 microns (type B) and larger than 250 microns (type C), 
respectively (Fig. 2.9). Type A (mean dialneter D50 = 0.033 mm) and type C (D50 = 0.52 mm) 
were elnployed to simulate Ds(= 0.051 mm) and DL(= 0.45 mm), respectively. Then, a Inixture 
was rnade of type A and type C a Inass ratio Ws of 56.7 %. It must be noted that both type A and 
type C were not mono-size grains but well-graded granular materials. The nlixture of type A and 
type C is called "A-C Inixture" in this thesis. 
Figure 2.11 shows 111icroscopic images of each group of particles. Table 2.5 lists the specific gravity 
and the Inaximum and the 111ini111ul1l void ratios of each group of FJ8-1 and the returned sample of 
lunar soil are shown. The specific gravity of F J8-1 is sinlilar to that of the returned sal1lple of lunar 
soil. The InaxinlUl1l and Ininilnum void ratios of the returned sarnple of lunar soil are larger than 
those of the original F J8-1, despite those grain size distribution and specific gravity are sil1lilar; it 
is mainly because the real lunar soil contains agglutinates (very irregularly-shaped particles). 
100 
80 
co 
~ 20 
Vi 
o 
-20 
~_II I [ I I I I I I I I I I· I FJS - I , : 
Range of lunar soils j: : 
.. j;;' , 
11-11-11-
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Type: A (less than 74pm) I Type B I Type C 
(250 10 74 ~un) (larger than 250 run) 
I E-J 0.0 I 0.1 
Diameter (mIll) 
Fig.2.9 The grain size distribution of FJS-l. 
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Fig.2.10 Modeling of FJS-l. 
(a) Type A (b) Tvpe B (0) Type C 
(less than 74 ~lm) (250 to 74 ~lm) (larger than 250 ~1111) 
Fig.2.11 Grain images of screened FJS-l. 
Void ratio range 
To validate the equivalence in void ratio range between the original F JS-1 and the proposed model, 
the maximUlll and minimum void ratio tests were performed on the A-C mixture with Ws = 0, 10, 
30, 50, 70, 90 and 100%, respectively. It should be noted that the test method of JISA1224 is 
applicable for the granular materials whose fine fractions are smaller than 5 %, but it was used 
for FJS-1 samples which includes more than 5% on the assumption that relatively dense and loose 
condition, even if not the densest and the loosest, can be obtained through the test. The mixture of 
Ws = 0 % is identical to type C and the mixture of Ws = 100% is identical to type A, respectively. 
The maximum and minimum void ratios of A-C mixture and original FJS-1 are shown in Fig. 2.12 
with the theoretical void ratio line proposed by Furnas (1929) [12]. Since Furnas's theoretical line is 
calculated on the assumption that the fine particles is sufficiently small in comparison with the larger 
particles, it gives the lower b ound value for the actual binary mixture [14]. The void ratio of the 
A-C mixture of Ws = 0% and Ws = 100% are identical to those of type C and type A, respectively 
(Table 2.5). The void ratio decreases with increasing Ws when Ws is less than 35 %, because fines 
fit into the void formed by the larger particles. The void ratio increases with increasing Ws when 
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Table2.5 11echanical parameters of FJS-l and lunar soils. 
Maximunl 
Sample 
Specific 
void ratio 
gravity (G s ) (emax ) 
Original 2.95 1.13 
Type A (less than 74 microns) 2.95 1.74 
FJS-1 
Type B (250 to 74 microns) 2.95 1.21 
Type C (larger than 250 microns) 2.95 1.14 
Returned sample of lunar soil 3.1* 1.7* 
Minimum 
void ratio 
(emin) 
0.50 
0.76 
0.56 
0.66 
0.7* 
* The mechanical values of lunar soils is different by samples, Houston et al. (1974) 
[52] and Mitchell et al. (1974) [53] proposed the best estimates as Gs = 3.1, emax = 
1.7 and emin= 0.7. 
Ws 2:: 35%, where the larger particles are embedded in the fines. The nlaximum and lllininlunl void 
ratios of the original FJS-1 are in good agreement with the result of A-C mixture of Ws = 56.7%, 
which implies that the proposed lllodel is well applicable to F JS-1. 
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Fig.2.12 The maximum and the minimum void ratios of the A-C mixture and FJS-l. 
Shear strength 
• Direct shear box test apparatus Direct shear box test is frequently used in the geotechnical en-
gineering field because of its advantages of easy handling and upsizing. As has been pointed out, 
however, the conventional direct shear box test apparatus has several problellls as follows: 
1. The shear boxes nlay easily incline during the shear. 
2. Progressive failure occurs from the lateral side of the specimen. 
3. Effective cross-sectional area decreases during the shear. 
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4. Peripheral friction between the loading plate and the box affects at the volume change behav-
ior. 
Among them, Item 1 and 2 are essential problems arising from the structure of the direct shear box 
test apparatus, and hence they are unavoidable. Item 3 is negligible when the decrease in cross-
sectional area is less than 15%. Item 4 is the most fundamental problem of the direct shear box test; 
in the case of volume expansion, the shear strength is overestimated because the peripheral friction 
increases the "real" confining pressure. In the case of volume contraction, on the other hand, the 
shear strength is underestimated in an opposite manner. 
In order to avoid the error of Item 4, the specially designed direct shear box test apparatus (width: 
100 mm, depth: 50 mm, height: 50 mm) in which the loading plate and the upper shear box are 
unitized [54] (Fig. 2.13) was introduced in this study. 
Load meter 
( confming pressure) I Vertical displacement gauge 
Load meter 
( shear force) 
Fig.2.13 Overall picture of the direct shear box test apparatus . 
• Testing method The direct shear box tests were conducted by the following steps: 
1. The upper and the lower shear box were unitized with pinching metal spacers whose thickness 
were between 0.5 and 1.0 mm. Note that it is essentially important to keep space between the 
upper and the lower box through the shear. 
2. A granular material was poured in 3 to 5 divided layers to form a sample. The box was 
patted 100 times by wooden hammer to pack the sample densely. Then, the metal spacers 
were removed (Fig. 2.14). 
3. A confining pressure between 100kPa and 300 kPa was loaded. 
4. After the compression, the lower box was displaced with the strain rate of 0.00038 S-l while 
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the upper shear box was fixed until the shear strain of 0.4. The horizontal and vertical 
displacement, the confining pressure and the shear force were monitored during the shear. 
Fig.2.14 Shear box . 
• Analysis The maximum shear forces T under several confining pressure CJc were plotted with 
respect to CJ c, and the angle of shear resistance 'ljJ and the cohesion c were determined based on the 
Coulomb failure criterion as follows: 
T = C + CJc tan 'ljJ . (2 .7) 
• Test cases and results A series of direct shear tests was carried out on the A-C mixtures with 
Ws=O, 40, 60, 80 and 100 % and the original FJS-l. Each mixture was densely packed to have the 
relative density Dr ranging from 82 to 93%, then subjected to direct shear tests under the confining 
pressure of 100, 200 and 300 kPa. The test results were analyzed by the Coulomb failure criterion; 
and the angle of shear resistance ('ljJ) of the A-C mixtures and the original FJS-1 is shown in Figure 
2.15. 
According to Fig. 2.15, the angle of shear resistance of the mixture of Ws = 0 % (type C) is 
larger than that of Ws = 100 % (type A). The angle of shear resistance 'ljJ is around 43 degrees when 
Ws is smaller than 40%; 'ljJ decreases with increasing Ws in the range of Ws from 40 to 80%; 'ljJ is 
constant (40.3 deg) when Ws is over 80%. According to Figure 2.12, the void ratio of the mixture 
takes the smallest value when Ws is around 35%, which implies that the larger particles should have 
solid force chain network when Ws is less than 35%. On the other hand, the larger particles still 
affect the shear strength of mixtures until W s is about 80%, although they may loose the contacts 
of each other. The author considers that it is mainly because the included larger particles broaden 
the shear zone of the mixture, which increases the frictional resistance inside the mixtures. Note 
that the dashed line is obtained from the experimental results of A-C mixture, and it is necessary to 
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develop a Inechanical theory of binary Inixture in order to predict the shear strength of the original 
FJ8-1 only fronl those of type A and C. 
As can be seen in Figure 2.15, 1jJ of the original F J8-1 is alnlost the Salne as that of the binary 
Inixture when Ws is 56.7%, which shows that the proposed Inodel is also effective concerning the 
shear strength of F J8-1. 
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Fig.2.15 Shear strength of the A-C mixture and FJS-l. 
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2.3 Binary mixture 
2.3.1 Void ratio model 
In general, the void ratio of binary mixtures with small particle size ratio a is larger than that 
with large a. The author considered this is because of the "dead space" caused by the disturbance in 
the particle alignment on the boundary between the large and the small particles. Void ratio model 
was built in 2D and in 3D by estimating the influence of the dead space through a geometrical 
consideration . 
• 20 model A binary mixture was modeled as a Inixture of two types of particle alignnlents: the 
"triangular lattice" whose void ratio e~in is 0.103 as the densest structure and the "square lattice" 
whose void ratio e~ax is 0.273 as a loose structure. The fraction of the triangular lattice K, can be 
calculated using the void ratio which was obtained by the DEM simulation. 
eth - e max (2.8) 
Four typical contact patterns between a considerably large particles approximated by a straight 
line and snlall particles in the triangular lattice and in the square lattice were modeled: Patterns 1 
and 2 (Fig.2.16) and Patterns 3 and 4 (Fig. 2.17). The areas of the dead spaces in the four patterns 
were calculated geOlnetrically. Note that the proportion of the snlall particles forming triangular 
lattice to the square lattice was K, : (1 - K,), and the ratio of Pattern A to B, and that of Pattern 
C to D were assulned to be identical, respectively. Table 2.6 lists the fraction of each pattern 
(PI, P2 , P3 , P4 ), the areas of the dead spaces per large particle (A~, A~, Ag, A~), and the distance 
between the contact points between the snlall particles (d1 ,d2 ,d3 ,d4 ) (see Fig. 2.16 and Fig. 2.17), 
respectively. In this nlodel, the void ratio of the binary Inixture was predicted by adding the area 
of dead space to the theoretical void ratio eth proposed by Furnas (1929) [12]. 
The number of snlall particles per large particle N p is designated by the following equation: 
N p = Ns = W s a
2 
NL 100-Ws' (2.9) 
where N sand N L are numbers of the small particles and the large particles, respectively. The total 
area of the particles Asolid is defined by: 
Asolid = ALNL + AsNs = ALNL (1 + :~ ) , (2.10) 
where As and AL are the areas of the small particle and the large particle, respectively. 
Then, let us consider the increnlental area attributed to the dead space A~ew. We assume a 
situation where the slnall particles contact with a large particle with forming the Patterns 1, 2, 3 
or 4 (Fig. 2.18). The nUlnber of the contact patterns is designated by dividing the circumference of 
the large particle 'if D L by the sunl of Pidi as: 
'ifDL 
4 
LPidi 
i=l 
(2.11) 
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The increlnental area attributed to the dead space per large particle is represented by: 
(2.12) 
i=l 
Then, A~ew is designated with the number of large particles N L by: 
4 
A new = N 'if D L "" P Ad v L 4 L i i' (2.13) 
"" P-d- i=l L'i'i 
i=l 
Finally, combining Eqs. 2.9 - 2.13, we obtain the new void ratio attributed to the dead space enew 
as follows: 
(a) 
Anew 
enew = eth + _v_. 
Asolid 
(b) 
Fig.2.16 Contact patterns when the small particles form the triangular lattice (a) Pattern 1 
and (b) Pattern 2. 
(a) 
1 
I 
\ 
, 
(b) 
\1 
} 
,/ , 
.... 
Fig.2.17 Contact patterns when the small particles form the square lattice (a) Pattern 3 and 
(b) Pattern 4. 
(2.14) 
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Table2.6 
Fraction 
Pattern 
Lattice of each 
No. 
lattice 
1 
Thiangle K: 
2 
Square 
3 
1 K: 
4 
Pattern 2 
Pat1ern 1 
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Contact patterns and the area of the dead space. 
Fraction of each Distance between 
pattern 
Area of dead space 
the contact points 
PI = 0.5K: A1 = 0.25 ( ~s ) 2 d l = Ds 
2 
P2 = 0.5K: A~ = 1.57 ( ~ S ) d2 = 1.73Ds 
P3 = 0.5(1 K:) A~ = 0.0 d3 = Ds 
P4 = 0.5(1-K:) A~ = 0.87 (~s) 2 d4 = 1.41Ds 
Pnttern 3 
Pattern 4 
• .. 
• * #. .. •• 
•••••••••• 
Fig.2.18 Conceptual diagram of A~ew. 
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3D model 
3D 1nodel was built similarly to the process of 2D 1nodel. A binary packing was nlodeled as a 
mixture of the densest structure "Hexagonal Close Packing (HCP)" whose void ratio e;;;in is 0.351, 
and the loosest structure "Simple Cubic (SC)" whose void ratio e;;;ax is 0.910. Ten types of typical 
contact patterns were considered: Pattern 1 to 7 for HCP(Fig. 2.19) and Pattern 8 to 10 for SC 
(Fig. 2.20). 
The dead space of each contact pattern was calculated geometrically. The fraction was detennined 
by Eq. 2.8, i.e. the volume ratio of HCP to SC was 11, : 1 - 11,. The fraction of Pattern 1 to 7, and 
that of Pattern 8 to 10 were assumed to be identical, respectively. 
Table 2.7 shows the volu1ne of the dead space VI rv VIO, the proportion Ql rv QIO, and the area 
surrounded by the contact points al rv aIO. 
The number of small particles per large particle N~D is designated by the following equation in 
3D: 
N~D = Ns = TVsa3 
NL 100 - Tiffs· 
(2.15 ) 
The total volunle of the particles Vsolid is defined by: 
Vsolid = VLNL + VsNs = VLNL (1 + :~ ) . (2.16) 
Sinlilarly to 2D nlodel, a situation where the snlall particles contact with large particles with 
fornling the Patterns 1 to 10 is assunled. The nU1nber of the contact patterns is designated by 
dividing the surface area of the large particle 'if D'i by the SU1n of Qiai as: 
'ifD'i 
10 
LQiai 
i=l 
The increnlental volume attributed to the dead space per large particle is represented by: 
i=l 
Then Vvnew is designated with the nU1nber of large particles N L by: 
2 10 
V new = N 'ifDL '" Q v: v L 10 L j j. 
'" j=l LQiai 
i=l 
(2.17) 
(2.18) 
(2.19) 
Finally, c0111bining Eqs. 2.15 - 2.19, we obtain the new void ratio attributed to the dead space 
e
new as follows: 
vnew 
enew = eth + _v_. 
Vsolid 
(2.20) 
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(a) (b) (c) 
(d)_~_ (e) (f) 
(g) 
Fig.2.19 Contact patterns when the small particles form HCP (a) Pattern 1, (b) Pattern 2, 
(c) Pattern 3, (d) Pattern 4, (e) Pattern 5, (f) Pattern 6 and (g) Pattern 7. 
(a) (b)..--------. (c) 
Fig.2.20 Contact patterns when the small particles form HCP (a) Pattern 8, (b) Pattern 9 
and (c) Pattern 10. 
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Table2.7 Contact patterns and the area of the dead space. 
Rate Area surrounded 
Pattern Proportion of each Volun1e of dead 
Lattice of each by the contact 
No. pattern space 
lattice points 
1 Q1 = 0.1K; V, = 3.3 (~s r (Dsy a1 = 6.5 2 
2 Q2 = 0.1K; 112 = 0.0 a2 = 65 (~s Y 
3 Q3 = 0.1K; V3 = 0.38 (~s )'1 a3 = 35 (~s y 
HCP K; 4 Q4 = 0.2K; (Dsr 114 = 4.7 2 / Ds ( y a4 = 7A 2 
5 Q5 = 0.2K; V5 = 0.69 (~s) 3 (Dsy a5 = 7.4 2 
6 Q6 = 0.1K; V6 = 4.2 (~sr (Dsy a6 = 11 2 
7 Q7 = 0.1K; V7 = 5.8 (~s r " (Dsy a7 = 0.9 2 
8 Qs = 0.3(1 - K;) lIs = 0.0 (Ds) as = 4.0 2 
HCP l-K; 9 Qg = 0.3(1 - K;) (Dsr lIg = 1.7 2 " (Dsy ag = 0.7 2 
V,O = 0.16 ( ~s ) 3 2 10 QlO = 0.4(1 - K;) alO = 3.5 ( ~s ) 
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2.3.2 Void model evaluation 
The 2D void model was evaluated by a DEI\1 simulation, and the 3D model was evaluated by 
packing tests using mixtures of glass beads and Toyoura-sand. 
Discrete Element Method 
• Principle Figure 2.21 shows the nornlal and the tangential contact models employed in the con-
ventional DEM. The contact model is conlposed of 4 functions, i.e. spring, dashpot, divider and 
slider, which represent contact force, energy dispersion, particle separation and slip, respectively. 
Figure 2.22 depicts a conceptional diagram where Particle A horizontally move toward the adjacent 
Particle B by .6.x in a certain time step .6.t. The calculation flow of the nonnal and the tangential 
force, in and is, are also shown using the symbols defined in Table 2.8. 
(a) (b) 
Spring 
Dashpot 
Dashpot 
Fig.2.21 Conceptual diagram of DEM contact models (a) in the normal direction and (b) in 
the tangential direction . 
• Program and parameters Sinlulations were conducted using a two-dilnensional DEM program [55] 
under the zero gravity condition with paranleters listed in Table 2.8 . 
• Simulation procedure Figure 2.23 shows conceptual diagrams of the simulation. Total nunlber 
of 4,500 to 7,000 circular elenlents were generated according to a given particle size distribution. 
The elenlents were randomly located one by one in a square area surrounded by four walls; when 
an elelnent overlapped with previously placed elenlents, it was relocated at another position until 
2,000 tinles (Fig. 2.23 (a)). Then, conlpressional force P ,vas applied on the four walls toward the 
center (Fig. 2.23 (a)). The inter-particle friction angle was set as zero degree for the densely-packed 
salnples, 45 degrees for the loosely-packed sanlples, respectively. 
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Contact: 
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Fig.2.22 Calculation flow of the contact forces in DEM. 
Table2.8 Parameters used in DEM equipped with linear springs. 
Particle density (g/cm2 ) Ps 2.5 
Interparticle friction angle (degrees) ¢ o or 45 
Normal spring constant (N / m) kn 1.0*105 
Normal damping coefficient (Ns/m) Cn 10.0 
Tangential spring constant (N / m) ks 2.5*104 
Tangential damping coefficient (Ns/m) Cs 5.0 
20 model evaluation 
Two types of samples, namely randomly packed samples and regularly packed samples, were 
prepared using DEM . 
• Randomly packed samples Binary disk assemblies composed of about 4,000 particles with Ws 
values of 0, 5, 10, 15, 20, 30, 50 and 100 % were prepared. Figure 2.24 shows the grain size 
distributions. Note that even in the cases of Ws = 0% and Ws = 100%, the grading line has a 
certain inclination, because the particles have ±10% size dispersions to prevent clustering. Figure 
2.25 shows the images of packed samples. Note Appendix A.l, A.2 and A.3 present direct shear 
behavior of these assemblies as supplemental information. 
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Fig.2.23 Particle packing simulation procedure. 
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Fig.2.24 Grain size distributions of the randomly packed binary mixtures. 
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=O°/'o 
(g) Ws = 50 ~/"O 
Fig.2.25 The images of the randomly packed binary mixtures. 
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• Regularly packed samples The regularly packed samples were prepared as follows: 
1. \iVhen Ws is less than or equal to 5.66%, the void of the large particles were filled with the 
small particles in the form of the triangular lattice; 
2. \\Then Ws is greater than 5.66%, the small particles were regularly aligned in the form of 
triangular lattice; then the large particles were placed on the bed at a regular interval and the 
small particles overlapping with the large particles were removed (Fig. 2.26 (a)) 
The assemblies were then isotropically cornpressed in the same way as that shown in Fig. 2.23. 
Figure 2.26 (b) shows a closeup inlage around a large particle after the compression, where the slnall 
particles show several patterns of alignments that are similar to the void ratio model (Figs. 2.16 and 
2.17). 
Six types of the samples whose Ws were 0, 2.91, 5.66, 26.5, 63.6 and 100%, respectively, were 
prepared (Fig. 2.27); and Figure 2.28 shows the whole and the closeup inlages of these salnples. 
Fig.2.26 A large particle located in small particles bed: (a) after placing the large particle, 
(b) after isotropic compression. 
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Fig.2.27 Grain size distributions of the regularly packed binary mixtures. 
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Fig.2.28 The images of the regularly packed binary mixtures. 
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.Comparison of the model with DEM results Figures 2.29 and 2.30 compare the variation in void 
ratio between the DEM sinlulation, the nlodel prediction for the randomly packed sanlples and the 
regularly packed samples, respectively, together with the theoretical line by Furnas. (1929) [12]. In 
the case of randomly packed samples, the model prediction gave smaller void ratios than the DEM 
simulation in the range of 10% :::; Ws :::; 20%, but otherwise the nlodel successfully predicted the 
simulation results. In the case of regular packing, on the other hand, the model prediction coincided 
well with the simulation results in the whole range of Ws. 
Random packing 
./ 
./ 
./ 
Densest 
./ 
./ 
./ 
/' 
--Model 
Theoretical line hy Furnas (1929) 
II Df:M simulation 
40 60 80 100 
Content of small particles, l1~s' (0/0) 
Fig.2.29 Evaluation of the 2D void ratio model with randomly packed DEM samples. 
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Fig.2.30 Evaluation of the 2D void ratio model with regularly packed DE11 samples. 
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3D model evaluation 
Four types of san1ples were prepared as mixtures of various sized glass beads and Toyoura-sand: 
1. Large glass beads (GB(4.1)) and slTIall glass beads (GB(0.15)) 
2. Mediu111 glass beads (GB(1.2)) and s111all glass beads (GB(0.15)) 
3. Large glass beads (GB(4.1)) and Toyoura-sand (TO(0.20)) 
4. MediulTI glass beads (GB(1.2)) and Toyoura-sand (TO(0.20)) 
For each type of mixtures several smTIples were prepared with different values of TtV,s, and their 
maXilTIUlTI and the minilTIum void ratios were measured. Note that Appendix A.l and A.2 present 
shear characteristics of the TO-G Band G B-G B mixtures as supplernental inforn1ation. 
Figures 2.31 to 2.34 COlTIpare the lTIaxilTIUlTI and the minilTIum void ratios of the four types of 
n1ixtures between the model prediction and the test results. The n10del successfully predicted the 
minimum void ratios irrespective of the materials, but it predicted sn1aller values for the 111axin1um 
void ratio cOlTIparing with the test results in the range of Ws-values fron1 20 to 50%. 
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Fig.2.31 Evaluation of the 3D void ratio model with the mixture of GB(4.1) and GB(O.15). 
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Fig.2.32 Evaluation of the 3D void ratio model with the mixture of GB(1.2) and GB(O.15). 
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Fig.2.33 Evaluation of the 3D void ratio model with the mixture of GB(4.1) and TO(O.20). 
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Fig.2.34 Evaluation of the 3D void ratio model with the mixture of GB( 4.1) and TO(O.20). 
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2.3.3 Coordination number 
This section describes the developnlent of a 2D nl0del for predicting the coordination number of 
binary mixtures and its verification by DE11 sinlulations. 
Coordination number model 
In the analysis of binary mixtures, the coordination nunlber of the large particles and that of the 
slnall particles should be treated differently. Table 2.9 lists the various coordination nUlnbers, where 
C and N denote the nUlnber of the contact points and the number of the particles, respectively, 
and the suffixes Land S indicate the large and the small particles, respectively. For example, CLS 
denotes the nUlnber of the contact points between the large and the small particles. C, CL and Cs 
are expressed by the following equations: 
SYlnbol 
en, 
nL 
ns 
nLL 
nLS 
nSL 
nSS 
C = CL + Cs - CLS = CLL + Css + CLS 
CL = CLL + CLS 
Cs = Css + CLS 
Table2.9 Definition of coordination numbers for granular assernblies. 
Particles in consider-
Contact particles Definition 
ation 
All particles Large and snlall 2C n=-
N 
Large Large and slnall 2CL nL=--
NL 
Slnall Large and small 
2Cs 
ns=--
Ns 
Large Large 
2CLL 
nLL =--
NL 
Large Snlall 
2CLS 
nLS =--
NL 
Snlall Large 
2CLS 
nSL =--
Ns 
Snlall Snlall 
2Css 
nSS =--
Ns 
(2.21 ) 
(2.22) 
(2.23) 
Figure 2.35 depicts the conceptual diagram of the particle alignlnent in binary Inixtures. When 
Ws is 0 %, namely in the case of the mono-sized large particles, the large particles are packed densely 
(Fig. 2.35(a)). \iVhen Ws is slightly increased fronl 0%, the slnall particles are located in the voids 
among the densely packed large particles (Fig. 2.35(b)). When T¥s increases sufficiently, the voids 
are conlpletely filled by the snlall particles (Fig.2.35( c)); and T¥ S in this condition is defined as T¥s. 
It is to be noted that the void ratio becolnes Inininlunl when VVs is VVs' When VVs is larger than 
Ws, the large particles are buried in a bed of the slnall particles (Fig. 2.35 (d)), and hence the 
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contacts between the large particles disappeared. In the case Ws is 100 %, only the sn1all particles 
are densely packed (Fig. 2.35(e)). 
The lTIodel is COlTIposed of two components as follows: 
1. H'sS-model: in the range of TiVs :::; Ws , the contact number alTIong the large particles CLL 
was maximum (Fig. 2.35 (a)-(c)); 
2. WsL-model: in the range of Ws > T¥s, CLL became zero (Fig. 2.35 (d), (e)). 
Accordingly, 
(Ws :::; Ws WsS - model) 
(Ws > Ws WsL - model), (2.24) 
w here the n~ax = 4 is the coordination number of the triangular lattice and n~in = 6 is that of 
the square lattice, respectively, and K, is the fraction of the triangular lattice (see Eq. 2.8). Note 
that the coordination number n10del will be described only for two-dimensional condition, however, 
three-dimensional lTIodel can be built in a sin1ilar way. 
I 
~(-----------------------------------------+) I~~------------------------~) 
Fig.2.35 Conceptual diagram of binary packing with respect to 11'8. 
WsS-model 
As a prerequisite for the T¥sS-lTIodel, the coordination number between the large particles nLL is 
calculated by: 
(2.25) 
Figure 2.36 and 2.37 show the conceptual diagrams of the HCP case and SC case, respectively. 
Then, six types of areas {A~, A~, A~} in Fig. 2.36 and {AI, A2, A3} in Fig. 2.37, were defined: 
1. A~ and Ai are areas of voids n1ade of the large particles in HCP and in SC, respectively. 
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Fig.2.37 Conceptual diagram of binary packing in SC. 
47 
2. A~ and A~ are areas where the small particles can be located in Aq and Ai, respectively, i.e. 
the interspace area formed by two large particles and a small particle in contact with each 
other Aa is excluded from Aq and Ai. 
3. A~ and A3 are areas where the small particles contact with the large particle. 
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Let us, then, consider the dimension of each area. First, the angles 61, 62, 63 in Fig. 2.36 and 64 in 
Fig. 2.37 are geonletrically derived as: 
(2.26) 
(2.27) 
(2.28) 
(2.29) 
(2.30) 
Assunling a triangle connecting the center points of three adjacent large particles in HCP (see the 
blue broken line in Fig. 2.36), A~ is designated by subtracting three sectors fronl the triangle as 
follows: 
A7 = ~ Di - 3 [ i ( ~L ) 2J = 0.161 ( ~L ) 2 (2.31 ) 
Sinlilarly to the above, Al is expressed by subtracting four quarter sectors from a square which 
connects the center points of four adjacent large particles in SC (see the blue broken line in Fig. 
2.37) and represented by the following equation: 
(2.32) 
Figure 2.38 shows the geonletric configuration for A a , where two large particles and a sInall particle 
contact each other. Let us consider a triangle connecting the center points of the large particles and 
the s111all particle. Aa is obtained by subtracting areas of two sectors whose radii are 1/2DL and 
internal angle is 61 and an area of another sector whose radius is 1/2Ds and internal angle is 7r - 261 
from the area of the triangle as follows: 
(2.33) 
Then A~ is calculated by subtracting three Aa from A~ (Fig. 2.36): 
(2.34) 
and ,similarly, A2 is represented by Al nlinus four Aa as: 
A~ = Af - 4Aa · (2.35) 
Figure 2.39 shows a conceptual diagranl for A~ and A;3' A~ (or A;3) is designated by an area of a 
sector whose radius is 1/2DL + Ds and internal angle is A~' (or A;3) nlinus an area of another sector 
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with a radius of 1 /2D L plus two hemispheres with a dialneter of D s as follows: 
Fig.2.38 Geometric configuration for Aa. 
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/ j' 
Fig.2.39 Conceptual diagram of A~ and A;3. 
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(2.36) 
(2.37) 
On the assulnption that the number of the small particles in void is proportional to its area, the 
average number of the small particles in a void of the HCP and the SC structure N~ and Npl 
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respectively, were calculated as follows: 
N h = 2A~ K,N 
p 2Ah + AS p, 
1 1 
(2.3S) 
AS 
Np = 1 (1 K,)Np , 2A~ + Ai (2.39) 
where N p (= Ns / N L) is the total number of the small particles per large particle. Note that the 
number of void per large particle is two in RCP and one in SD, respectively, and hence A~ and A~ 
were multiplied by two and one in Eqs. 2.39 and 2.39, respectively. 
On the assumption that the number of the contact points is proportional to the area ratio, nLS 
and nSL were as follows: 
(2.40) 
(2.41 ) 
In the case that W S is less than Ws, the number of the contact points between the small particles 
nSS is difficult to be obtained, because the small particles hang in the air under the zero gravity 
condition. Therefore, nSS is estin1ated from Smith's n - e relationship [16]. The original Smith's 
n - e relationship for 3D is converted to the 2D version: the 2D granular material is n10deled as a 
luixture of the triangular lattice (the densest state: e~in = 0.103, n~ax = 6) and the square lattice 
(the loosest state: e~ax = 0.91, n~in = 4) then the coordination number was calculated by the 
interpolation of the two extren1e states: 
2.176 - 4.306es 
ns S = -0-.3-1-21---0-.-22-S-e-s ' (2.42) 
where the void ratio es was obtained by DEM sin1ulation. According to the above equation, nSS 
becon1es negative when e exceeds the n1aximum void ratio e~ax. In order to cope with this incon-
venience, nss was corrected to zero when nss < 0: 
{ 
2.176 - 4.306es 
nss = g.3121 - 0.22Ses 
(e < emax ) 
(emax ::; e). 
The other coordination nun1bers nL, ns and n were calculated as follows: 
ns = nss + nSL, 
Nsns + NLnL 
n= 
Ns+NL 
(2.43) 
(2.44) 
(2.45) 
(2.46) 
Eventually, the seven types of the coordination nunlbers were detern1ined by Eqs. 2.25, 2.41, 2.41, 
2.43, 2.45, 2.46 and 2.46 in TiVsS-nlodel. 
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On the assun1ption that there are no contacts between the large particles, 
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(2.4 7) 
Sirnilarly to the equation of the increlnental area due to the dead space in the void ratio rnodel 
(Eq. 2.13), the coordination nUlnber attributed to the large particles which contact with the srnall 
particles nLS is calculated as follows: 
1fDL 
nLS = 4 . 
I:t=l Ptdt 
(2.48) 
Since the nun1ber of the sn1all particles per a large particle is N p, the nun1ber of the slnall particles 
per a large particle having no contact with the large particle fiLs is: 
The ren1aining coordination numbers nSL, nSS, nL, ns and n are calculated as follows: 
nLS N 
nSL = -1 p, 
nLS + n LS 
(ns - 2)nLS + nSfiLS 
nSS = 
nLS + fiLs 
nL = nLL + nLS, 
ns = nSS +nSL 
(2.49) 
(2.50) 
(2.51) 
(2.52) 
(2.53) 
(2.54) 
Eventually, the seven types of the coordination nUlnbers were detennined by Eqs. 2.47, 2.48, 2.51, 
2.52, 2.53, 2.54 and 2.54 in T¥sL-lnodel. 
Effect of particle size ratio a on the coordination number model 
In the above mentioned models, nLL was hypothesized to have two extrelne values: the Inaxirnun1 
value or zero. In the actual binary Inixture having random packing structure, however, nLL Inay 
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take internlediate values depending on Ws. According to Eq. 2.9, Ws is a function of N p and a: 
Np 
Ws = N p +a2 ' 
(2.55) 
where the maximunl N p in WsS-model and the minilllulll N p in WLS-lllodel are calculated as 
follows: 
{ 
2a2[0.161 - 3(tan8 - 8)] + 68 + 1f 
_ 1f(1 + e) 1f(1 + e) 
N p - 0.323a2 + 6.928a + 3.464 
1f(1 + e) 
(the maximUlll value in W sS-model) 
(2.56) 
(the minimum value inWLS-model). 
From Eqs. 2.55 and 2.56, the maximum and the mininlum values of Ws for WsS-model are consid-
ered to be functions of a. 
Figure 2.41 depicts the ranges of the WsS-model and the WLS-model with respect to a. The 
gap of the two models is large when a is small, it decreases with increasing a and eventually Tills 
converges into 8.5. Note that Ws = 8.5 is coincident with the minimum Ws-value of Furnas's void 
ratio theory. 
The author considered this gap is a transition range between the two models, and decided to 
linearly interpolate the two nlodels in the transition range. 
o ~ w.,S-lIIode! ~_ _ 
I 10 100 1000 
Particle size ratio, a 
Fig.2.41 The ranges of HisS-model and lVsL-model. 
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2.3.4 Evaluation of model 
Figures 2.42 to 2.48 compare the seven types of the coordination numbers computed by DEM 
and those predicted by the model. The model prediction was roughly consistent with the DEM 
simulations for regularly packed assemblies, but it did not agree with the simulations for randomly 
packed assemblies especially in the range of WsS-model (and the transition range as a result) of 
n (Fig. 2.42), nLL (Fig. 2.45) and nSL (Fig. 2.47). Figure 2.49 shows the closeup image of the 
randomly packed sample whose Ws is 5% (Fig. 2.25 (b)) . Compared with the closeup image of the 
regular packing with 5.66% Ws (Fig. 2.28 (c)) , the distribution of the small particles were disperse, 
a void between the large particles were tightly occupied by three small particles in the form of the 
regular packing (Fig. 2.49 A); some others were full with larger number of small particles, where 
the large particles were pushed away (Fig. 2.49 B); others were sparsely occupied by a few number 
of small particles or vacant (Fig. 2.49 C). This disperse nature of the small particles location may 
cause the inconsistency between the WsS-model and the DEM simulation. 
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2.4 Poly-dispersed mixture 
2.4.1 Simulation Procedures 
A series of simulations were conducted on nine types of granular assen1blies listed in Table 2.10; 
Fig. 2.50 shows grain size distribution curves of these assemblies. Each assembly had a grain size 
distribution of log-norn1al type, with the same mean diameter (D50 = 10 mm) but a different value 
of standard deviation (0-), defined by the following formula, 
f(D) = 1 ex (_ (lOglO D - 10glO D50)2) 
.J27r0-2 D P 20-2 ' 
(2.57) 
where D and f(D) are the diameter and the frequency of D, respectively. In the preparation of 
granular asselnblies, circular particles of various sizes were generated to fit the designed gradation 
curves. As shown in Table 2.10, the numbers of particles required were 4,000 to 5,500 except for 
8101 which needed more than 7,500 particles because of its long tail distribution curve on the fine 
particle side (Fig. 2.50). 
Table2.10 Granular assemblies prepared for simulation. 
Uniform 
8tandard devi- Mean dialne- Number of 
8ample coefficient 
ation,o-
Uc ( = D60 DlO) ter D50 
particles 
8000 0.00 1.0 10 4500 
8002 0.0230 1.03 10 5074 
8007 0.0737 1.11 10 5386 
8016 0.164 1.28 10 4950 
8023 0.230 1.43 10 4582 
8032 0.322 1.66 10 4370 
8051 0.507 2.22 10 4184 
8073 0.737 3.08 10 4896 
8101 1.01 4.96 10 7532 
The salnples of granular asselnbly were subjected to DEM analyses in the following steps: 
1 Generated particles were randOlnly distributed in a square area bounded by 4 walls; Fig. 2.51 
(a) shows the initial state of 8000 as an exanlple. 
2 Then granular assemblies were isotropically con1pressed by the 4 walls under zero gravity 
condition with inter-particle friction angle of zero for dense samples or 45 degrees for loose 
salnples. 
3 The void ratio and the coordination nlllnber \vere Ineasured after cOlnpression process being 
stabilized; Fig. 2.51 (b) and (c) show the configuration of particles for densely and loosely 
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Fig.2.50 Grain size distribution curves of granular assemblies prepared for simulation. 
packed salnples of 8000, respectively. 
(3 
Fig.2.51 Configuration of particles in SOOO, (a) before packing, (b) compressed to densely 
packed state, and (c) compressed to loosely packed state. 
2.4.2 Simulation Results 
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Figure 2.52 shows the configuration of granular assemblies under densely packed conditions in 
which particles forming the hexagonal closest packing (RCP) are colored gray; a particle was desig-
nated as RCP when they had 6 contact points and each angle between two adjacent contact points 
with respect to the particle center was between 60 ± 1 degrees. It is to be noted that the number 
of particles forming R CP was large in the sanlple consisting only of equi-diameter particles (8000), 
and rapidly decreased with increasing size dispersion (8002 and 8007) then almost disappeared (from 
8016 to 8101). Note Appendix A.4 presents direct shear behavior of these assenlblies as supplelnental 
infornlation. 
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(b) S002 (0-= 0.0230) (c) S007 (0-= 0.0737) 
Cd) S016 (0-= 0.164) (e) S023 (0-= 0.230) (0 S032 (0-= 0.322) 
(g) S051 (0-= 0.507) (h) S073 (0- = 0.737) 
Fig.2.52 Configuration of particles under densely packed conditions where particles forming 
the hexagonal closest packing (H CP) are colored gray. 
Void ratio 
Figure 2.53 plots the void ratio of the granular assenlblies against the standard deviation () of the 
particle size under densely and loosely packed conditions. In the case of densely packed salnples, 
the void ratio sharply increased when () increased frOl11 zero to 0.0737, then it gradually decreased 
with further increasing (). In the case of loosely packed samples, on the other hand, the void ratio 
nlonotonously decreased with increasing (). 
Coordination number 
Figure 2.54 shows the relationship between the 1l1ean coordination nunlber and the standard de-
viation of the particle size under densely and loosely packed conditions. The nlean coordination 
number of the densely packed samples decreased sharply when () increased frOll1 zero to 0.0737, and 
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Fig.2.53 Simulated void ratio of the densely packed and loosely packed granular materials 
with various dispersion ((J). 
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then gradually decreased with increasing a. Meanwhile the coordination nUITlber of loosely packed 
salnples gradually decreased over the whole range of a. 
As can be seen Fig. 2.53 and 2.54, both the void ratio and the n1ean coordination nun1ber decreased 
except for the densely packed asselnblies of sn1aller particle size dispersion than 0.0737, in which 
the coordination nUlnber decreased but the void ratio increased. This tendency is attributed to the 
particles forming HCP: when the granular assemblies were regarded as rnono-sized with a values less 
than 0.0737, the nUlnber of particles fonning HCP rapidly decreased with increasing particle size 
dispersion as shown in Fig. 2.52(a) to (c), which resulted in the increase in the coordination nun1ber 
and decrease in the void ratio at the san1e tilne. \iVhen a was greater than 0.0737, however, there 
were few particles fonning HCP and the void ratio decreased with increasing a, because slnaller 
particles filled the voids between larger particles. 
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2.5 A Prediction Model for Coordination Number Distribution 
As mentioned in the previous section, the change in the mean coordination number can be divided 
into two parts according to the standard deviation a of the particle size: when a is so snlall as to be 
regarded as mono-sized assemblies, the number of particles fornling HCP is a principal factor gov-
erning the coordination number; when a is sufficiently large, the dispersion of particle size becomes a 
principal factor instead. The tendency observed in the former part is unique only for mono-sized cir-
cular (or spherical in 3D) particle assemblies, meanwhile that observed in the latter part is common 
in various types of granular materials and much important for understanding the characteristics of 
real materials. Hence the author constructed a general model sinlulating the tendency in the latter 
part through a simple geometrical consideration. The model bases on the fact that the number of 
the contact points of a certain particle is directly proportional to its radius (R f ) . 
Figure 2.55( a) shows a schematic image of particles in contact with one particle typically found 
in well-graded granular mixtures, where total number of M particles, of which radii are Rl, R 2 , ••• 
R M , are in contact with a particle of radius R f located in the center. In this general configuration 
it is difficult to nlake a model to determine the nUlllber of contact points of the centered particle, 
because the sizes of surrounding particles are different one another. The proposed model shown 
in Fig. 2.55(b), therefore, substitutes all the surrounding particles by circular disks of equal radius 
Rc(Rf) defined as the average radius of the original ones illustrated in Fig. 2.55(a). Here, we assunle 
(b) 
Fig.2.55 Schematic image of particles in contact with a particle in the center whose radius is 
Rf, (b) image of simplified model in which surrounding particles are of equal radius. 
the radius Rc (R f) is a function of R f' which is different frOlll the average radius of all the particles 
in the salllple defined by 
(2.58) 
where N is the nunlber of particles in the sanlple. If Rc(Rf) equals to Rm irrespective of the value 
of Rf , the lllodel beconles nluch simpler. Figure 2.56 COlnpares the values of Rc(Rf) and Rm for 
simulation cases 8002 and 8101; they agrees well in the whole range of Rf . Therefore, Rc(Rf) can 
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be given as a constant equivalent to Rm for each case: 
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(2.59) 
Fronl a geOlnetrical consideration on the arrangernent of particles surrounding the centered particle, 
we may expect that the coordination nunlber n of the centered particle is proportional to its dianleter 
R f . In the case of three-dimensional configuration, therefore, the coordination nurnber of a spherical 
particle is considered to be proportional to its surface area R}, further confinnation on 3D Inodel 
are needed though. Figures 2.57 and 2.58, which plot the average coordination nunlber n of particles 
against the nornlalized radius Rfl Rm for the densely packed sanlples of 8002 and 8073, confirnl the 
linear relationship deduced as above. The difference between the gradients of two linear lines nlay be 
attributed to the difference in the Inicro structure of each assembly. Figure 2.59 plots the gradients of 
n - R fiRm lines against the particle size dispersion for dense sanlples of all the simulation cases. The 
gradient sharply decreased with increasing CY in the range of CY slnaller than 0.0737, while it ahnost 
keeps a constant value of 2.72 when CY is larger than 0.0737. Therefore, except for the mono-sized 
granular nlaterials whose CY are smaller than 0.0737, we can assume a general proportional relation 
between nand R fiRm expressed by 
R f n = 2.72- + 2.0, 
Rm 
(2.60) 
where the intercept is detennined to be 2.0, because when the radius R f of the centered particle 
becolnes close to zero, it nlay be sandwiched by two sufficiently large particles of radius Rm and 
hence n becomes 2.0. 
Figure 2.60 shows a case in which the centered particle was the most densely contacted by the 
surrounding particles giving the upper limit nunlber of n written as follows 
27r 7r 
n = 28 = e' (2.61 ) 
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8 = arcsin ( 1 R ), 
l+_f 
Rm 
(2.62) 
where 28 is an angle depicted in Fig. 2.60. 
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Fig.2.58 n - Rf / Rm relationship of the densely packed sample of 8073. 
Figure 2.61 illustrates the relationship between nand Rf / Rm obtained from the silnulation 
results of densely and loosely packed salnples together with three linear lines: the theoretical upper 
lilnit line defined by Equation 2.61, the predicted line for densely packed samples using Equation 
2.60, and the best fit line for loosely packed sanlples. The inclination of the line for densely packed 
sanlples is snlaller than that of the upper lilnit line, which can be explained by Fig. 2.62, a close-
up ilnage of densely packed sanlple S101, where sonle particles with star mark do not contact the 
centered large particle because they are blocked up by other snlall particles. 
Figure 2.63 schematically shows how to predict the fi'equency distribution of n using the proposed 
general n - R f / RTn relationship; this procedure is as follows: 
2.5 A Prediction Model for Coordination Nun1ber Distribution 
~ :: 1 1 Infinity in SOOO 
cI) 
e 11;-
'p 
4:: 16 
$2 I~ 
~ I: 
o 
10-e 
o 
S002 
Mean gradient bet\veen 
S016andSIOl was 2.72. ~ 
c S007 
() 
e 
.. 
.. 
00 I (I 
Standard deviation of particle sizt, u 
Fig.2.59 Inclinations of the best fit line of n - R f / Rm relationship for nine simulation cases. 
Fig.2.60 Schematic illustration of particles in the upper limit packing condition. 
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1 FrOl11 the particle size distribution curve shown in Fig. 2.63 (a), the frequency distribution of 
the radii of particles (b) is obtained as illustrated in Fig. 2.63(b). 
2 Through the proposed general n - Rf / Rm relationship drawn in Fig. 2.63(c), the frequency 
distribution of Rf / Rm plotted in Fig. 2.63 (b) is converted to the frequency distribution of 
the coordination number n traced in Fig. 2.63(c). 
Figure 2.64 COl11pares the frequency distribution of the coordination nun1ber and its 111ean value 
of densely packed samples between the results of DEM sil11ulations and those predicted by the 
111ethod as above. In general, the predicted coordination nUl11bers show accordance with the DE11 
results. However, the predictions of 8000 - 8032 show narrower and sharper distributions than those 
sin1ulated by DEM. This is mainly because the model was built using the average value of n for each 
Rf / Rm not taking account of its dispersion. In the case with larger; 8051 - 8101, the effect of the 
dispersion of n for each Rf / Rm was diminished due to larger distribution of n. In the case with 
larger; 8051 - 8101, the effect of the dispersion of n for each Rf / Rm was dil11inished due to larger 
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distribution of n. It should be noted that the seven cases from 8007 to 8101 were predicted using 
the general relationship given by n = 2.72Rf / Rm + 2.0, meanwhile n of 8000 was set to 6.0, i.e. the 
theoretical value for RCP, and that of 8002 was predicted using the equation n = 20.1Rf / Rm -15.43 
shown in Fig. 2.56. This is because the general relationship cannot be applicable when (J is less than 
0.0737 and n is mainly determined by the luono-sized particles forming RCP. 
As mentioned previously, the granular materials can be classified as the mono-sized material when 
the standard deviation of size (J is less than 0.0737 and the micro structure is deeply affected by 
the particles forming RCP; on the other hand, the granular materials whose (J are over 0.0737 can 
be classified into the poorly-graded or the well-graded granular materials and n is described by 
the general equation n = 2. 72Rf / Rm + 2.0. The difference between the poorly-graded and the 
well-graded were not clear to the extent of this study. 
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Fig.2.62 Close-up image of densely packed sample of S101. Some particles with solid star 
symbol does not contact with the centered large particle. 
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Fig.2.63 Schematic image of the prediction steps of the coordination number n: (a) particle 
size distribution, (b) frequency distribution of R f / R m, (c) n - R f / Rm relation, (d) frequency 
distribution of n. 
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2.6 Conclusion 
In this chapter, the influence of the grading on the internal structure was investigated. First, 
in Section 2.2, a model that replaces a well-graded granular Inaterial with a binary Inixture was 
formulated to simulate the Inechanical properties. The applicability of this n10del was validated by 
a series of experilnents with the lunar soil sin1ulant, F J8-1, and the mixture of silica and glass beads 
in terms of the void ratio range and the shear strength. The void ratio range and the angle of shear 
resistance of well-graded samples were well simulated by the n1ixture consisting of fine and large 
screened groups designed by the Inodel. This Inodel helps us to predict the n1echanical properties 
of the well-graded granular n1aterials with arbitrary size distribution by those of binary granular 
Inixtures. 
In Section 2.3, the coordination nun1ber and the void ratio of binary fnixture were investigated. 
The void ratio model, which takes into account the influence of "dead space" between the particles 
of different sizes was built under 2D and 3D conditions, and validated by the two-dilYlensional DEJV[ 
and the packing test. The n10del successfully predicted the void ratio of the densely-packed binary 
Inixtures, while overestimated the void ratio of the loosely-packed ones. Then, a n10del predicting the 
coordination number of binary mixtures was built through the pure geon1etrical consideration. The 
model consists of the three TV 5 stages: TV 5 S-n10del in which H! 5 is sn1all and the sn1all particles exist 
in the large particles lattice, TVsL-lnodel in which T¥s is large and the large particles buried in the 
sn1all particles bed, and the Inodel for boundary state which linearly-interpolates above n1entioned 
two stages. The model predicted the general trend of the coordination nUlnber with respect to TV 5 
simulated by DEIvI. 
Sections 2.4 and 2.5 dealt with study on the internal structures of poly-dispersed granular ma-
terials. Using a two-din1ensional Discrete Elelnent Method, nine types of disk assen1blies having 
different grain size distributions were packed densely or loosely and their coordination numbers and 
void ratios were measured in Section 2.4. Both the void ratio and the coordination nUlnber showed 
different trends between the samples whose grain size distribution a was less than 0.0737 and the 
samples whose a is over 0.0737. The particles forming the hexagonal closest packing (RCP) were 
dominant in the case whose a was zero; they rapidly disappeared with increasing a and few of theln 
were found in the case whose a was over 0.0737. The particles fonning RCP, therefore, Inay affect 
the changes in the void ratio and the Inean coordination number when a was less than 0.0737. 
In Section 2.5, an atten1pt has been done to predict the distribution and the Inean value of the 
coordination number from a given grain size distribution. The prediction was done based on the 
findings that the coordination nun1ber was proportional to the normalized radius of the particles 
in all the cases of simulation. The predicted frequency distribution and the fnean value of the 
coordination number showed a good agreement with the silnulation results for the samples whose 
a over 0.0737. Moreover, although the presented model is developed for 2D granular system, the 
similar n10deling will be possible for 3D system. 
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Chapter3 
Particle crushing mechanism and progressive 
change in grading simulated by OEM 
3.1 Introduction 
The influence of the grading on the internal structure of granular materials was investigated in the 
previous chapter. Here, the author presents the particle crushing mechanism, the progressive change 
in grading, and the critical state of grading using a Discrete Element Method, DE11, with moment 
spring function. 
The grading change due to the grain crushing alters the con1pressibility of granular material, 
which n1ay be a crucial factor in the geotechnical design. A great nun1ber of researches have been 
done on the soil cornpression under Ko-condition, which is the typical in the compression of subsoil. 
Terzaghi and Peck (1948) referred to the volume change of sands due to the grain crushing for the 
first tin1e [2]; Roberts and De Souza (1958) found that the intensive grain crushing occurs around the 
yield point defined by e-logp curve [37], where e is the void ratio and p is the vertical pressure in the 
one-dimensional cornpression; Hagerty et al. (1993) exan1ined the effect of various parameters such 
as initial void ratio, n1edian grain size, particle shape and initial n10duli on the grain crushing [7]; 
Lade et al. (1996) showed that the degree of grain crushing is correlated with the input energy [8]. 
These experin1ental studies indicate that the grading of granular materials converges into a critical 
state under a considerably high stress [3,7,8,37]' where the grain crushing ends or becon1es ignorable, 
and this critical grading has become a subject of academic interest. 
McDowell et al. (1996) perfonned nun1erical sirnulations and expressed the critical grading as a 
fractal distribution [9], which agreed well with the natural fault gouge distribution [11]. 11eanwhile 
Wood and 11aeda (2008) indicated that the critical grading of natural soils is not necessary fractal 
[38]. Notwithstanding contradictory findings as above, only a few studies are currently available 
about the influence of the initial grading on the critical grading [59], and further investigation in 
this regard is needed especially fron1 the viewpoint of nlicron1echanics. 
The effects of particle shape on the grain crushing is also an inlportant subject; natural fractural 
grains have rnore complex shape cornpared with sands deposited in water which usually have rounder 
The contents of this chapter were published in [56] and were submitted to [57) 58] 
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shapes due to abrasion during the transportation process. Kjaernsli and Sande (1963) and Hagerty et 
al. (1993) revealed that the angular particles have lower crushing stresses than the rounder particles 
in the triaxial compression test [60], and in the one-din1ensional con1pression test [7], respectively. 
Nakata et al. (2001) conducted one-din1ensional compression tests on various shaped grains and 
discussed the effects of particle shape on the grain crushing and the whole volulne change [3]. Despite 
the great efforts as above, the n1icro lnechanics of grain crushing in the granular 111aterials has not 
been clarified well, because it is difficult to observe the n10velnent and the internal stress of each 
particle by experiments. Liu et al. (2005) successfully presented the internal stress distribution 
by the photoelastic method and nUlnerically silnulated the crushing process of an angular shaped 
particle assembly under static cOlnpression [4]. However, the interaction of particles and grading 
change during the process of continuous grain crushing has not yet been investigated sufficiently. 
Discrete Elelnent Method (DEM) [61] is a useful tool for getting a lnicromechanical insight into 
the grade change process of granular lnaterials. For the sin1ulation of grain crushing, two types of 
elelnents are con1monly used in DEM: 
1. forming agglon1erates of regularly arrayed bonded elen1ents [6,19,20,32,62,63] (e.g. Fig. 3.1); 
2. replacing stressed particle by a group of sn1aller elen1ents [21,22, 59] (e.g. Fig. 3.2). 
Crushing mechanisln of spherical (or circular) particle has been studied using the fon11er n1ethod: 
Carmona et al. (2007, 2008) investigated crack propagation inside a particle under dian1etric loading 
[64] and on impact [65]; Kun and Herrn1ann (1999) [66] and Can110na et al. (2008) [65] revealed 
the influence of input energy on the crushing behavior of a particle under ilnpact. In this study the 
former type element was adopted because it can directly silnulate the abrasion and the changing 
process of grain shape. Many of previous research using elelnents of this type, however, contained 
the following problems: 
1. rolling n1ay take place between bonded particles because the contact bond provides no resis-
tance to rolling [67]; 
2. a particles consisting of regularly arrayed elements shows a considerably high degree of 
anisotropy in crushing strength. 
In order to avoid the first probleln, the author introduced a mOlnent spring system based on the 
mechanical contact model proposed by Jiang et al. (2005) [23] to the standard DEM. The second 
problem may be effectively solved by con1posing particles of randomly packed elen1ents. 
On the basis of the abovementioned backgrounds, here the author further explore the n1icrome-
chanical aspect of grain crushing behavior using a 2D DEM equipped with the lnoment spring. In 
particular, the author focuses on the effect of coordination number on grain crushing. The basic idea 
is that the stress field within a single grain becOlnes lnore isotropic with larger coordination nun1ber, 
which is a n1icromechanical origin of the critical grading. In order to investigate this idea, the au-
thor first perfonned a series of the sin1ulations of single grain crushing by applying compression with 
different number of surrounding boundary particles. Then the author conducted another series of 
silnulations on one-dimensional compression of the granular specimens with various initial grading. 
On the basis of the sin1ulation results the author discusses the various aspects of the critical grading 
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due to grain crushing. 
In addition, the author conducted a single particle crushing test on an elliptical particle, in which 
the particle was compressed by a top particle and two bottom particles. The internal stress distri-
bution was visualized in order to observe the particle crushing mechanisnl. 
A series of simulations of one-dinlensional compression tests was then conducted on six types of 
crushable particle assenlblies with various particle shapes, and the observed crushing mechanisms 
were cOlTIpared with that of single particle crushing tests. 
Section 3.2 presents analytical methods: the development of DEM with monlent spring function; 
the crushable particle lTIodel having less anisotropy in crushing strength. 
Section 3.3 describes a series of single particle crushing tests with various coordination number 
and that with various locations of the adjacent particles conducted by DEM. 
Section 3.4 deals with a series of one-dimensional compression tests on the crushable particle 
assemblies with various grading and particle shape conducted by DE11. 
Conclusion in this chapter is presented in Section 3.5. 
( i) (ii) 
Fig.3.1 Crushable particles composed of regularly arrayed bonded elements by (i) Robertson 
(2000) [19] and (ii) Cheng et al. (2003) [20], respectively. 
,oj 
''';~ 
a (', i 
(II) 
Fig.302 Conceptual diagrams of replacing stressed particle by a group of smaller elements by 
(i) Lobo-Guerrero et al. (2006) [21] and (ii) Tsoungui et al. (2003) [22], respectively. 
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3.2 Analytical method 
3.2.1 Crushable particle model 
In order to avoid the anisotropy in the crushing strength of particles, randolnly packed samples 
were prepared by the following steps: 
1. With zero degree of inter elen1ents friction angle, 6248 disk elen1ents were randon1ly generated 
in a circular area with avoiding initial overlapping. The disk assen1bly had a certain size 
dispersion with the Inaxin1uln and the minilnuln dialneter of 1.5 cn1 and 0.68 cn1 (Fig. 3.3). 
Note that the number of regularly-arrayed elen1ents which rises the anisotropy of the aggregate 
increases when the size dispersion is sn1all [48]; in contrast, the influence of size difference 
becomes unignorable when the size dispersion is large; the elen1ent size distribution (Fig. 3.3) 
was detennined to ensure balance between these two effects. 
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Fig.3.3 Size distribution of the disk elements. 
2. In order to concentrate disk elen1ents, the gravity toward the center of the circle was applied, 
sin1ilarly to what Thornton et al. and 11oreno et al. (2003) had done [63,68] (Fig. 3.4(a)). 
During this process, the elelnents were randOlnly aggregated and the elements closer to the 
center were con1pressed at a higher pressure cOlnpared with the outer elelnents. This stress 
heterogeneity might result in the heterogeneity of the crushing strength. This method will be 
called the "centripetal free-fall" in this thesis. 
3. In order to decrease the stress heterogeneity as above, the disk assembly was compressed by 
a pre-tensioned Inelnbrane under a non-gravity condition. The melnbrane was cOlnposed of 
180 disk elements, each of which was 2.0 cm dialneter and was subjected to a pre-tension 
stress of 500 kN / m (Fig. 3.4(b)). Prelilninary simulations, conducted to fix the paran1eters, 
indicated that the density of the aggregate and the overlapping depth of adjacent elelnents 
can be controlled by the pre-tension stress, but that the nun1ber and the dialneter of the 
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membrane elements have least influence on the nature of the asselubly. This process will be 
called the "membrane compression" in this thesis. 
4. Not for employing additional parameters, the bonding force equivalent to the repulsive force 
was introduced to cancel out each other and to form a crushable aggregate [32]. 
From this point on, the crushable aggregate will be called "particle" and the constitute disk element 
will be called "element" in this thesis. 
Fig.3.4 Particle modeling processes: (a) during the centripetal free-fall, and (b) membrane compression. 
Figure 3.5 shows the inter particle repulsive force normalized by its luaxinlunl value Fr with 
respect to the distance fron1 the center Re. Just after the centripetal free-fall process, Fr' generally 
decreases with increasing R e, namely there was a considerable stress heterogeneity; meanwhile Fr 
value became aln10st constant after the luembrane conlpression. Figures 3.6 and 3.7 compares 
the radial distribution of the void ratio e and the coordination number n, respectively, after the 
centripetal free-fall and after the menlbrane conlpression. The void ratio e and the coordination 
number n took almost constant values irrespective of Re not only after the membrane conlpression 
(e = 0.18, n = 3.96) but also after the centripetal free-fall (e = 0.25, n = 2.52) but the void ratio of 
the aggregate decreased while the coordination number increased after the nlenlbrane compression 
(Figs. 3.6, 3.7). 
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Fig.3.5 Repulsive force distributions after the centripetal free-fall and after the membrane compression. 
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3.2.2 Physical model of Moment Spring Function 
In the conventional DEM using linear springs, as Lim and McDowell (2005) [67] pointed out, 
the elen1ents aligning in a straight or curved line behaves like a flexible string, because the linear 
spring provides no resistance to rolling. Therefore, the particle crushing becomes ductile when using 
linear springs. One way of solving this problem is to use the polygonal elements, where rotational 
resistance is naturally applied [69], and the other solution is to introduce a contact bond which 
provides bending resistance [65]. 
In this study, a spring system i.e. moment spring, employing a physically based mechanical contact 
n10del developed by Jiang et al. (2005) [23] was introduced to the conventional DEM. In the model, 
spring-dashpot systems were parallely located per unit width across the contact width B between 
two elements in contact (Fig. 3.8). Table 3.1 lists the calculation parameters of each system. Note 
the spring constants, kn and ks, and the damping constants, Cn and cs , are given per unit width. The 
model consisted of two parts: discrete element modelling which was applied to the contacts between 
unbonded elelnents and those between wall and elements; bonded element modelling applied to the 
contacts between bonded elements, which den10nstrated the particle fracture. 
Table3.1 Parameters used in DEM equipped with moment springs. 
Particle density (g/ cn12) Ps 2.5 
Interparticle friction angle (degrees) ¢ 27 
Particle-wall friction angle (degrees) ¢w 0 
Normal spring constant (N / n12) kn 1.0*105 
Normal damping coefficient (Ns/m2) Cn 10.0 
Tangential spring constant (N / m 2 ) k s 2.5*104 
Tangential damping coefficient (Ns/n12) Cs 5.0 
Discrete element modelling 
The normal and tangential spring constants, Kn and K s, and the dan1ping coefficients, Cn and Cs, 
applied to the inter-elelnent contact are cOlnputed by multiplying the paralneters of single spring-
dashpot systen1 per unit width (Table 3.1) by the contact width B: 
(3.1) 
Then, let us consider two elenlents in contact. The nornlal and tangential contact forces, Fn and 
F s , are calculated with the nonnal and tangential cOlnponents of relative displacement between two 
elelnents, Un and Us: 
K C dUn Fn = nUn + n--dt 
(Ksu s + Cs d~s < Fn tan ¢) 
(Ksu s + Cs d;/ 2:: Fn tan ¢), 
(3.2) 
(3.3) 
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where Coulonlb friction law is applied to Fs. The direct elelnent modelling does not demonstrate 
the nlOlnent spring function. 
Bonding element modelling 
Bonding element nlodelling denlonstrates three types of fractures: tensile fracture, shear fracture 
and bending fracture, those are represented by normal force Fn, tangential force Fs and nlOlnent force 
1v1, respectively. First, in this Inodel, a bonding force Fb is applied to the inter-elelnent contacts, 
which gives an initial overlapping Ub between the elelnents: 
(3.4) 
Once any types of fractures occur, the bonding force disappears and the calculation between the 
separated elelnents continues to discrete elenlent modelling . 
• Normal force and tensile fracture \iVhen Un is larger than zero, the normal force Fn is calculated 
as follows: 
(3.5) 
Fn take negative values, corresponding to tensile force, in the case of 0 < 'Un < Ub, and positive 
values, corresponding to conlpressive force, in the case of 'Ub ~ 'Un. \iVhen fUn is equal to or less than 
zero, the tensile fracture occurs: 
Fn =0 . (3.6) 
• Shear force and shear fracture The shear force Fs is calculated based on the Coulolnb friction law. 
dus . \iVhen Ks'u s + C s - IS slnaller than Fb tan ¢: dt 
dus 
Fs = Ksus + C s dt ' 
while in the case of Ksus + Cs d~s ~ Fb tan ¢ shear fracture happens: 
The following calculations are continued to the discrete elelnent modelling . 
(3.7) 
(3.8) 
• Moment force and bending fracture The spring constant Km and the daInping coefficient Cm of 
the moment force 111[ are calculated as follows [23]: 
(3.9) 
The Inoment force Inodel is classified into three states, i.e. bonding, softening and crushing states, 
depending on the relative rotation between the bonded elements Br (Fig. 3.8). 
In the bonding state, where Br is smaller than a threshold B~, B remains unchanged from its initial 
width Bo (Fig. 3.8 (a)): 
(3.10) 
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where according to the fracturallnechanism, the value of e~ is given by e~ = 2Fb / KnB. 
In the softening state, where e~ < er :s; 2e~, B decreases with increasing er due to the separation 
of some dividers (Fig. 3.8 (b)): 
der 1 3 1 3 der 
M = Kmer + en dt = 12knB er + 12 CnB dt' (3.11) 
where the value of B is expressed as B = Bo(2e~ - er)/e~. Note Ub is also decreased with respect to 
B in this state. 
When er becomes larger than 2e~, all dividers separate, which correspond to the occurrence of 
bending fracture: 
M=O. (3.12) 
(a) (b) e)? < er s: 2 era (c) 
~I AI/oment 
~: Separation 
=u Divider 
\ Dashpot 
~ 
Fig.3.8 Sketch of the mechanical contact model proposed by Jiang et al. (2005) [23] (a) when 
Or is less than or equal to O~, (b) when Or is larger than O~ and less than or equal to 20~, and 
( c) moment curve with respect to Or. 
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3.2.3 Validation of the moment spring function 
Cantilever beam problem 
A simple beam of 1.0 m long was modeled by 13 elements in a line (Fig. 3.9). The beam clamped 
on the left side was subjected to a point load (0.01 or 0.05 or 0.1 N) acting downward at 0.8 In 
frOlTI the left end. Figure 3.10 shows that the COITIputed results were perfectly coincident with the 
analytical solutions in elastic range. 
Fig.3.9 A cantilever beam problenl for the validation of the nioment spring function. 
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Fig.3.10 Validation of the moment springs on by the cantilever beam problem. 
Single particle crushing 
SilTIulations of a single particle crushing were conducted on a circular crushable particle whose 
radius is 20cln (equivalent to RP20 in the next section), under the saIne condition as in the previous 
section using DE]'vl progralTIS either with or without n10n1ent spring function; the fon11er will be 
called "Moment-DEM" and the latter \\Till be called "Nonnal-DElvl" in this thesis, respectively. 
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Figure 3.11 depicts the conceptual diagraln of the simulation. The circular particle was set between 
the two horizontal rigid plates; then the upper plate was displaced downward at a constant strain 
rate of 7.5s- 1 , while the bottom plate was fixed. Four simulations with different set up angles 
e = 0,45,90, 135 (degrees) were conducted. 
Figure 3.12 compares the images of final state between two types of simulations for e = 0, where 
fragments are color-coded according to their size, i.e. the number of elements. The result obtained 
by Monlent-DEM clearly shows the separation of fragments (Fig. 3.12 (a)), while the breakage was 
obscure in Normal-DEM because it's string-like behavior tended to prevent clear crushing (Fig. 3.12 
(b)). Figure 3.13 compares the vertical loads vs. vertical strain relationship between two types of 
silnulations conducted for e = O. Although the initial elastic responses coincided well, the peak 
loads obtained by Moment-DEM were slightly larger than that obtained by Normal-DEM, and the 
responses after the peak load were considerably different. The average peak value of the crushing 
strength of 4 cases was 28.3 N 1m in Moment-DEM, 13.6 % larger compared with Normal-DEM, 24.9 
N/in. 
The degree of the particle crushing was evaluated using RA proposed by Nakata et al. (2001) [3]; 
RA represents the relative decrease in the particle size and is defined as RA = (Sa - Sb) I Sa, where 
Sa is the initial area of the particle and Sb is the area of the largest fragment after crushing. Figure 
3.14 compares RA-values, which were calculated at 0.15 vertical strain, between Moment-DEM and 
Nonnal-DEM. The RA-values were 0.45 to 0.60 in Moment-DEM, nleanwhile RA-values in Normal-
DEM distributed in two zones, i.e. high value zone frOln 0.45 to 0.55 and low value zone from 0.00 
to 0.10, latter of which revealed little or no segmentation took place as observed in Fig. 3.12 (b). 
The above simulation results indicate that, even though the elastic responses are almost identical 
and the peak strength are not nluch different, the particle crushing behavior is quite different between 
110ment-DEM and Normal-DEM, and can be accurately simulated only by the former Inethod. 
Constant speed displacement 
Setu pangle, [) 
Fig.3.11 Conceptual diagram of the simple compression test by DElv1. 
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Fig.3.12 Single particle crushing simulations conducted by (a) Moment-DEM and by (b) Normal-DEM. 
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Fig.3.14 Comparison of RA-values obtained by Moment-DEM with by Normal-DEM. 
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3.2.4 Anisotropy in crushing strength of newly designed particle 
A particle consisting of regularly packed elements was created and names as HCP20, having the 
same radius of RP20 (20cm) and the overlapping ratio (the average overlapping depth divided by 
the average diameter) of 0.0084 was created and named as HCP20. A total of 18 Moment-DEM 
simulations of crushing tests were also conducted on the same sample of HCP20 but with different 
setup angles B from 0 to 170 degrees at an interval of 10 degrees. The results of simulation were 
compared with the same series of simulations on the RP20 samples. Figure 3.15 (a) and (b) show 
the images of the initial state and at the strain of 0.15, which is the same strain level as that of Fig. 
3.12 for RP20 with B = O. 
Figure 3.16 compares the crushing strength between RP20 and HCP20 with respect to B. Evidently 
the crushing strength or RP20 is considerably smaller than HCP20, but it was much isotropic 
indicated by smaller deviation. The large average value of HCP20 might be accounted for the larger 
coordination number compared with RP20. 
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Fig.3.l5 HCP20 (a) at t he initial state , and (b) at the strain of 0.15. 
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Fig.3.l6 Crushing strength of RP20 and HCP20 wit h respect to the initial setup angle. 
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3.3 Single particle crushing test by DEM 
3.3.1 Simple compression 
Effect of stra i n rate 
In order to investigate the effect of strain rate 's on the particle crushing behavior, a series of 
sin1ulations of simple compression tests with various Is-values from 0.075 to 75 (S-l) were conducted 
using the Moment-DEM. Figure 3.17 shows the particle crushing strength with respect to IS. Obvi-
ously, the trend changes at IS = 0.75: when IS is less than or equal to 0.075, the crushing strength 
was almost constant; but when IS is greater than 0.075, the crushing strength sharply increases with 
increasing IS. 
Figure 3.18 COlnpares the grain size distributions at a strain level of 0.15 with different Is-values. 
\iVhen IS is larger than 0.75, the grading curve is located on higher positions in the graph, which 
indicates particles break into smaller pieces. While when IS is less than or equal to 0.75, the grading 
curves are not Inuch different at lower positions of the graph. 
These results imply that the quasi-static condition is obtained when lIs is less than or equal to 
0.75, and hence the following particle crushing silnulations were conducted at IS less than or equal 
to 0.75. 
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Fig.3.l7 Particle crushing strength with respect to the strain rate /s· 
Effect of particle size 
Five particles of circular shape with different radii were curved out fron1 the Inelnbrane con1pression 
elen1ents bed and nan1ed as RP3, RP5, RP7, RPI0 and RP20, respectively (Fig. 3.19). Table 3.2 
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Fig.3.l8 Grain size distributions at the strain of 0.15 of the particle crushing simulations with 
various strain rate IS. 
summarizes the characteristics of these particles. Simulations of simple compression tests were 
conducted (Fig. 3.11) on the five types of particles with B from 0 to 170 degrees at an interval of 10 
degrees by Moment-DEM. 
Figure 3.20 plots the crushing strength of all the cases versus the particle size together with 
the results of HCP20. The smaller particle had larger crushing strength because of sparse flaw 
distribution [70]. The standard deviation of the crushing strength was also larger in smaller particles, 
because they consisted of a smaller number of elements (Table 3.2) . 
Table3.2 Parameters used in DEM simulation. 
Sample Radius (cm) N umber of elements Elements structure 
RP3 2.5 18 Random 
RP5 5.0 73 Random 
RP7 7.0 180 Random 
RPI0 10 335 Random 
RP20 20 1404 Random 
HCP20 20 1406 Regular (HCP) 
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Fig.3.19 Curving out of various sized particles: RP3, RP5, RP7, RPIO and RP20. 
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Fig.3.20 Crushing strength vs . particle diameter. 
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3.3.2 Influence of coordination number 
A series of single particle crushing simulations was conducted on RIO using Monlent-DE1if, in which 
surrounding particles placed on the circumference at a given interval compressed RIO as shown in 
Fig. 3.21. The surrounding particles were made of rigid disk having the same mechanical paranleters 
as RIO. Table 3.3 lists the simulation cases, where Rb is the radius of the surrounding particles and 
Nb is the number of particles placed on the circumference of RIO. The minimum value of Nb was two, 
and the maximum value was purely determined by the geometric configuration. In each simulation 
case, all the surrounding particles were silnultaneously displaced toward the center of RIO at a 
constant strain rate of 0.75 8- 1 . Figure 3.21 shows simulation images of three cases with various Rb 
and Nb at 0.075 strain, where the color of each fragment represents its size, i.e., the number of disk 
elements sticking together. When Nb was two, RIO clearly split in two large pieces irrelevantly to 
Rb (Fig. 3.21 (a)); when Nb was four, RIO broke to slnall pieces (Fig. 3.21 (b)). The two types of 
breakages were defined as the "tensile splitting" and the "shear splitting" by Ben-Nun and Einav 
(2010) [5J. On the other hand, when Rb and Nb are two and twelve, respectively, RIO did not crush 
intensively even at considerably large strains (Fig. 3.21(c)). Figure 3.22 compares peak load (= the 
crushing strength) of the cases with various Rb and N b. The crushing strength showed no significant 
difference with respect to Rb, which was inconsistent with the finding of Sukunlaran et al. (2006) [6], 
where the curvature of the surrounding particles had a certain influence on the crushing strength. 
This discrepancy Inay be attributed to the difference in the element array of the crushable particles: 
the crushable particle of Sukunlaran et al., as shown in Fig. 3.23, had a more regular arrangenlent 
compared with the one used in this study, and hence the results reflected well the curvature of 
the surrounding particles. Figure 3.24 shows the load-strain relationships of crushing particles with 
various Nb-values but Rb = 2. In general, the stiffness was constant irrespectively of N b . In the 
cases of Nb less than twelve, as shown in the Inagnified graph, the load decreased sharply due to the 
grain crushing after reaching the peak values. On the other hand, the load continuously increased 
without softening when Nb was greater than or equal to twelve and RIO did not crush intensively 
(see Fig. 3.21(c)), because RIO was subjected to stresses silnilar to isotropic conlpression [6,71]. 
The author considered this isotropic condition is the key to understand the critical grading of 
crushable granular nlaterials, and built a simple Inodel using two types of N b, i.e. Ncr and N.9l. Ncr 
is the value of Nb on the boundary which divides the crushing and the uncrushing behaviors, and 
when ~Mb was greater than or equal to Ncr no particle crushing takes place; Ngl is the maxinlunl 
value of Nb which is purely determined by geometry. The nlodel was built on the following simple 
ideas: 
1. "\iVhen Nb is less than Ncr, the particle is crushed. 
2. When Nb is greater than or equal to ~Mcr but less than ~Mgl' the particle survive without 
crushing even under a large pressure, and hence the particles take Nb-values in this range in 
the critical state. 
3. ~Mb is less than N.9l because of the geOlnetrical linlitation. 
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Considering Ncr and N gz vary depending on Rbi R, they form lines or curves in the N - Rbi R field, 
where N is the number of contact points and equivalent to Nb in the above concept. In order to 
determine the Ncr-line in the N - Rbi R field, additional simulations were conducted on four cases 
with smaller values of Rb (bottom four in Table 3.3). Figure 3.25 shows the Ncr-line together with 
Ngz-curve. From the consideration above, the author predicted that the particles in the critical state 
exist only in the range between Ncr-line and Ngz-curve in Fig. 3.25. The proposed model is validated 
in the next chapter. 
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Fig.3.21 Images of particle crushing when (a) Nb = 2 and Rb = 20, (b) Nb = 4 and Rb = 10 
and (c) Nb = 12 and Rb = 2. 
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Table3.3 Cases of isotropic compression simulation. 
Surrounding particle Surrounding parti-
radius, Rb (cnl) Rb/R cles number, Nb 
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Fig.3.22 Crushing strength vs. the coordination number. 
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(a) (b) 
Fig.3.23 Closeup images of the contact between the crushable particle and the surrounding 
particle of (a) Sukumaran et al. (2006) [6] and (b) this simulation with Nb = 4 and Rb = 10. 
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87 
88 Chapter3 Particle crushing mechanism and progressive change in grading simulated by DEM 
3.3.3 Influence of particle shape and alignment 
Another type of single particle crushing simulations were conducted using Moment-DEM (Fig. 
3.26). An elliptical particle (long axis a: 28.3 cm, short axis b: 14.1 cm), equivalent to R20 used in 
the next section, was compressed by three disks of 10 cm diameter d: a top disk on the vertical center 
line and two bottom disks symmetrically placed with respect to the vertical centerline at a center 
distance of 2L cm. The top disk moved downward at a constant strain rate of 0.75 8-1, while the 
bottom disks were fixed. Note that the strain rate was determined from the preliminary parametric 
simulations which revealed that the crushing strength was almost constant at a lower strain rate 
than 7.5 8-1 . The value of L was set from 0 to 19cm at an interval of 1 cm. 
Figure 3.27 shows the conceptual diagram of the simulation, the internal stress, and the crushing 
behavior of the particles for L = 1, 11 and 18 cm as typical cases of the three crushing types; the 
elements are color-coded according to their stress level, which was calculated by dividing the total 
normal force applied to an element by the element diameter, in order to depict the internal stress 
of the particles. The simulation revealed that the particle crushing was classified into the following 
three types with respect to L: 
1. "cleavage destruction" (Fig. 3.27( a)) defined by the concentric distribution of the compressive 
stress resulting in the major splitting of the particle into two or more fragments observed when 
L was less than 6 cm. 
2. "bending fracture" (Fig. 3.27(b)) defined by the compressive stress distribution in the one 
side (upper part in this case) and the tensile stress distribution in the another side (lower part 
in this case) which results in the major breakage of the particle into two or more fragments 
observed when L was between 7 and 16 cm; 
3. "edge abrasion" (Fig. 3.27(c)) defined by a single abrasion or breakage of an asperity observed 
when L was more than 17 cm. 
Figure 3.28 shows the single particle crushing strength of the particle with respect to L. 
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Fig.3.26 Conceptual diagram of the single particle crushing simulation. 
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Fig.3.27 Conceptual diagram, internal stress, and crushing behavior of three types of particle 
fractures: (a) cleavage destruction, (b) bending fracture, and (c) edge abrasion. 
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Fig.3.28 Single particle crushing strength with respect to L-value. 
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3.4 One-dimensional compression simulation by DEM 
3.4.1 Sample preparation 
Samples for one-dimensional compression test were prepared through the following process: 
1. A certain nU111ber of elliptic particles were generated to fit the designed gradation, with a 
width of 70 CIn and an arbitrary height, surrounded by four plates on the top, bottom, right 
and left (Fig.3.29 (a)). The figure shows an example case of a mono-sized elliptic particles 
with the aspect ratio alb = 1.5, where a and b are the lengths of the long axis and the short 
axis, respectively. 
2. Each particle was replaced by the randomly packed particle of the saIne size curved out from 
the me111brane compression elements bed of Fig. 3.4 (b) (Fig.3.29 (b)). In the case of angular 
shaped particles which will be explained later, the elliptic particles were replaced by the 
angular shaped particles having the same aspect ratio. 
3. A vertical load was applied to the top plate, while other three plates were fixed (Fig.3.29 (c)). 
4. The plates on the right and left sides were replaced by the periodic boundary particles (Fig.3.29 
(d) ). 
5. A vertical load was applied to the top plate again until the particle movement was stabilized 
(Fig.3.29 (e)). 
The total nun1bers elelnents required to C0111pOSe particles ranged from 4,426 to 6,700. 
In the simulation of con1pression tests, compression pressure p was applied to the top plates while 
the bottoln plate was fixed (Fig.3.29 (e)). Initially, 0.0046 of nonnalized pressure plao, compressive 
pressure p divided by the single particle crushing strength of RIO ao = 31.0N 1m was applied to 
stabilize the movelnent of particles; then the vertical load was increased gradually up to plao = 
9.2. The increlnent of the vertical load was small enough to suppress the effect of the inertia force. 
Additional compression sin1ulations were conducted on the uncrushable particles to 111ake clear the 
influence of crushing. 
3.4.2 Simulation cases 
Six types of crushable particles were prepared (Table 3.4) by curving out from the elements bed 
after the meInbrane con1pression (see Section 3.2). Then, nine types of particle assen1blies with 
various particle size dispersions and the particle shapes were prepared (Table 3.5, Fig. 3.30). Sample 
names were determined by the following rules: 
1. The initial letter of the san1ple nan1es represents the particle shape: "R" denotes the rounder 
shape, while "H" denotes the hexagonal shape. 
2. Two-digit number after "R" or "H" corresponds to the aspect ratio alb, l.e. 15 denotes 
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Compression 
Compression pressure, p 
(b) 
70cm 
Fig.3.29 Preparation of samples for one-dimensional compression test by DEM: (a) elliptical 
(or circular) particle generation; (b) replacing the elliptical particles by the crushable particles; 
(c) compression with horizontal fixed horizontal boundary; (d) giving horizontal periodical 
boundary; (e) compression with horizontal periodical boundary. 
alb = 1.5. 
3. Small letter following the two-digit number represents the grading: "a" is mono-sized particles, 
and the size dispersion increases gradually as the letter changes "b", "c" to "d". 
Therefore, for example, R15a is the mono-sized particles of elliptic shape with 1.5 aspect ratio. 
Four samples in the upper rows of Table 3.5, RI0a, RI0b, RI0c and RI0d, are composed of 
circular shaped particles with different grading; each assembly has a grain size distribution of log-
normal type, with the same maximum diameter (Dmax = 20 mm) but a different value of standard 
deviation, s, defined by the following formula: 
f(D) = 1 ex (_ (IOglO D -loglO DSO)2) 
.J27ra2 D p 2a2 ' 
(3.13) 
where D and f(D) are the diameter and the frequency of D, respectively. 
On the other hand, five samples listed in the lower rows of Table 3.5 are of mono-sized particles 
with different aspect ratios. 
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Table3.4 One-dimensional compression samples. 
Sample a (cm) b (cm) alb Design (cm) Modeled particle 
R10 19.8 19.3 1.0 335 
16.3 
R15 25.2 17.4 1.4 373 24.6 
14.1 
R20 28.7 14.7 2.0 369 28.2 
H10 22.1 20.5 1.1 370 
H15 24.3 17.4 1.4 373 
H20 28.7 14.9 2.0 373 
Table3.5 One-dimensional compression samples. 
Aspect ratio (long Standard deviation 
San1ple Particle shape 
axis a I short axis b) of Eq. 3.13 
R10a Disk 1.0 0.0 
R10b Disk 1.0 0.02 
R10c Disk 1.0 0.1 
R10d Disk 1.0 0.2 
R15a Disk 1.5 0.0 
R20a Disk 2.0 0.0 
H10a Hexagon 1.0 0.0 
H15a Hexagon 1.5 0.0 
H20a Hexagon 2.0 0.0 
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Fig.3.30 Images of the samples on the initial packing state. 
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3.4.3 Simulation results and analysis 
Figures 3.31 to 3.39 compare the behavior of nine types of the assemblies for plao-values of (a, e) 
0.014, (b, f) 0.32, (c, g) 0.78, and (d, h) 9.2, respectively. The elements are color-coded according 
to the size of fragments in (a)- ( d), and to the magnitude of stress acting on each elenlent in (e)- (f), 
respectively. 
The following particle behaviors were observed with respect to pi ao-values (Figs. 3.31 - 3.39): 
• (a, e) plao = 0.014: Particles rarely crushed at this stress level. Stress chains developed 
alTIOng the particles (e). 
• (b, f) plao = 0.32: Intensive crushing did not happened, while some abrasions occurred in 
the elongated particles (RI5a, R20a and H20a) , which resulted in particle rearrangement in 
a small-scale. The clearly-depicted stress chains showed that the internal stress distributions 
were widely dispersed even among the mono-sized particles (RI0a, R15a, R20a, HI0a, H15a 
and H20a), which ilTIplies that the particle crushing is influenced by the initial particle location 
in the mono-sized particles. The loading condition of the cleavage destruction (Fig. 3.27) was 
widely observed in all the samples, while that of the bending fracture was observed only in 
R20a. 
• (c, g) plao = 0.78: Intensive crushing took place in all the samples at this stress level, 
but their nature were different depending on the initial grading: the particles adjacent to 
the loading board and those subjected to a high stress crushed in RI0a and RI0b; smaller 
particles tended to crush while larger particles remained uncrushed in RI0d; the intermediate 
trend was observed in RI0c, which ilTIplies that the particle crushing nlechanism is influenced 
not only by the particle shape but also by the initial grading. 
• (d, h) pi ao = 9.2: Most of the particle crushing finished under considerably large pressures. 
The particle configurations of the assemblies were similar irrespective of the initial particle 
shape and the initial grading: the void of the survived large particles was completely filled by 
a large nunlber of small debris, i.e. crushed particles. 
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(a) R IOa (pIO() = 0.0 14) 
(b) RI Oa (plao = 0.32) 
(c) RI 0a (plao = 0.78) 
(d) RI Oa (piau = 9.2) 
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Fig.3.31 Images of R10a when p/eJQ are (a, e) 0.014, (b , f) 0.32, (c, g) 0.78, and (d, h) 9.2. 
The elements are color-coded (a, b , c, d) by particle size, and (e, f, g, h) by stress. 
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(a) RIOb (p/ao = 0.014) 
(0) Rl Ob (PI ao = 0.78) 
(d) RLOb (pl a,J = 9.2) 
T ~ .......... ~~m 
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Fig.3.32 Images of R10b when p/ao are (a, e) 0.014, (b, f) 0.32, (c, g) 0.78, and (d, h) 9.2 . 
The elements are color-coded (a, b, c, d) by particle size, and (e, f, g, h) by stress. 
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Fig.3.33 Images of RI0c when p/C7o are (a, e) 0.014, (b, f) 0.32, (c, g) 0.78, and (d, h) 9.2. 
The elements are color-coded (a, b, c, d) by particle size, and (e, f, g, h) by stress. 
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(a) RJ Oc (p/ao = 0.0 14) 
(b) RI Oe (p/a{J = 0.32) (t) RIOd (p/cYo = 0.32) 
(c) RI Oe (plao = 0.78) (g) RI Od (plao = 0.78) 
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Fig.3.34 Images of R10d when p/ao are (a, e) 0.014, (b , f) 0.32, (c, g) 0.78, and (d, h) 9.2. 
The elements are color-coded (a, b, c, d) by particle size, and (e, f, g, h) by stress. 
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Fig.3.35 Images of R15a when p/a-o are (a, e) 0.014, (b, f) 0.32, (c, g) 0.78, and (d, h) 9.2 . 
The elements are color-coded (a, b , c, d) by particle size , and (e, f, g, h) by stress. 
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(a) R20a (p/o-o = 0.014) (e) R20a (pluo = 0.0 14) 
(b) R20a (P/OiJ = 0.32) 
(c R20a (p/o-o = 0.78) (6) R20a (pluu = 0.78) 
(d) R20a (p/o-o = 9.2) (h) R20a (pIau = 9.2) 
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Fig.3.36 Images of R20a when p/ao are (a, e) 0.014, (b, f) 0.32, (c, g) 0.78, and (d, h) 9.2. 
The elements are color-coded (a, b, c, d) by particle size, and (e, f, g, h) by stress . 
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(c) H I Oa (pi a;; = 0.78) (g) R IOa (plCJn = 0.78) 
(d) H I Oa (p/a;) = 9.2) (h) H IOa (pICJo = 9.2) 
Element number 
T~~"""".---~ 3 10 50 1:0 300< 
Fig.3.37 Images of H10a when pi (70 are (a, e) 0.014, (b , f) 0.32 , (c, g) 0.78, and (d, h) 9.2. 
The elements are color-coded (a, b, c, d) by particle size, and (e , f, g, h) by stress. 
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(a) H J Sa (pl ao = 0.014) 
(f) H I ~a (pl an = .31) 
(c) H 15a (pl an = 0.78) (g H ISa (pl af) = 0.78) 
(d) H 15a (pl a(J = 9.2) 
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Fig.3.38 Images of H15a when p/ao are (a, e) 0.014, (b , f) 0.32, (c, g) 0.78, and (d, h) 9.2. 
The elements are color-coded (a, b, c, d) by particle size, and (e, f, g, h) by stress. 
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(a) H20a (pi a,) = 0.0 14) 
(b) H2 a (plao = 0.32) (f) H20a (pi au = 0.32) 
(c) H20a (p i a" = 0.78) C::') H20a (pi au = 0.78) 
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Fig.3.39 Images of H20a when p/aQ are (a, e) 0.014, (b, f) 0.32, (c, g) 0.78, and (d , h) 9.2. 
The elements are color-coded (a, b , c, d) by particle size, and (e, f, g, h) by stress . 
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Particle crushing mechanism 
Figure 3.40 shows the behavior of R20a under various pressures, where elements were color-coded 
according to their stress level. When pia 0 was as small as 0.015, a subtle particle rearrangement 
was observed and force chains generated inside the particles were clearly depicted (Fig. 3.40(a)). 
When pi ao increased to 0.32, three types of load patterns were observed in the particles: 
(i) conlpressive load pattern (Fig. 3.40 (i)); 
(ii) bending load pattern (Fig. 3.40 (ii)); 
(iii) abrasion load pattern (Fig. 3.40 (iii)). 
Subsequently, when pi ao increased to 0.37 (Fig. 3.40( c)), the particles of type (i) initiated the 
cleavage destruction, while the particles of type (ii) initiated the bending fracture, as denlonstrated 
in the previous section. \iVhen pi ao became as high as 9.2, the particle crushing ceased and reached 
a stable state (Fig. 3.40(d)). 
Figure 3.41 shows the number of crushing events observed during the compression process for each 
silnulation case together with the fracture percentage (= number of crushing events I initial nunlber 
of particles x 100). The crushing events were counted according to the following rules: 
1. the cleavage destruction and the bending fracture were counted as one per particle; 
2. only the abrasions causing macro volunle change were counted. 
In the circular and elliptical shaped cases (Rxx) , the cleavage destruction was in the majority at a 
ratio of 60 to 70 %. 11eanw hile, in the hexagonal shaped cases (Hxx), the cleavage destruction was 
only 30 to 35 %, and the edge abrasion prevailed at a ratio of 45 to 60 %. The bending fracture 
was observed only in R15 and R20. These findings indicate that the particle crushing mechanisnl is 
deeply dependent on the particle shape. 
Compressibility 
Figure 3.42 shows the conlpression curves, in tenns of the void ratio e versus the logarithm of 
pi ao, for all the simulation cases. This figure also plots the conlpression curve of a sanlple conlposed 
of non-fractural circular elements (indicated as Discrete Elenlent) with the same gradation curve as 
Fig. 3.3. The difference anlong the initial void ratios of the samples were caused by the difference 
in their initial grading and particle shape. When pi CJo is small, only a few crushed particles were 
observed, hence the void ratio was alnlost unchanged. Particle crushing initiated when plCJo was 
as small as 0.3, because the particle assenlblies contained voids which had no contribution to the 
strength, and hence the Inacro crushing strength becanle slnaller than the single particle crushing 
strength. Intensive particle crushing proceeded until pi ao becanle 1.0. Under sufficiently large pi CJo, 
all the curves converged into a single curve, which is considered to be the critical state [9]. 
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Fig.3.40 Sample R20a under the various compression pressures: (a) pi aO = 0.015, (b) 0.32, 
(c) 0.37, and (d) 0.78. The elements are color-coded with respect to the internal stress in the 
particles. 
Critical state 
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Figure 3.43 compares the grading curves of all the samples before and after the compression. 
Despite the difference in the initial state, the grading of each sample shifts toward a unique curve 
under a considerably higher pressure. Note that because of the smallest size of the particles to be 
equal to that of a single element, the gradation curve in the critical state cut off at particle diameter 
of 0.91 cm. 
Figure 3.44 shows the shift of the average values of aspect ratio of mono-sized assemblies (R10a, 
R15a, R20a, H10a, H15a and H20a); the average is determined from particles consisting of more 
than 9 elements, because the aspect ratio of the small particles composed of a few elements is deeply 
influenced by the elements clustering. The average aspect ratios of the elongated shaped particles, 
R20a and H20a intensively decreased through the process of crushing, while the average aspect ratios 
of equidimensional particles, R10a and H10a, sharply increased through the process of crushing; in 
all the simulation cases, the average aspect ratio converged into a unique value of around 1.4, which 
happened to be equivalent to the typical value for natural sands [72,73]. Figure 3.45 compares the 
aspect ratio distribution of all the cases and that of Toyoura sand obtained by Matsushima et al. 
(2008) [72]. Despite the dispersion of the simulation results due to the limitation on the particle 
number, the aspects ratios of all the simulation cases had similar distribution curves to that of 
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Toyoura sand. 
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Fig.3.4l Statistics of the crushing events. 
O. I 5 L....-I__'_.t.-l...L.LJ..L.._ ..L-.l...-.L....L...I...u..u._ --'----'--' ............. ~'____'___'___'_'_~L.I..___..J 
0.01 0. 1 10 
Nonnalized pressure, pi O'n 
Fig.3.42 Shift of the void ratio with respect to the normalized pressure. 
In Fig. 3.46 the computed coordination numbers of circular particle assemblies (RIOa, RIOb, RIOc 
and RIOd) are plotted over Fig. 3.25 which shows the critical state obtained by the simple model. 
Here, Rei R was used instead of Rbi R for the horizontal axis, where R e is the mean radius of the 
elements, because the mechanics of the contact points is influenced by the elements size in this 
simulation (Fig. 3.23) . In general, most of the plots distributed in and around the predicted range 
between the N cr - line and the Ngl - curve, but some plots deviated from the range. This is because 
the model was simplistically designed and intentionally ignored some complicated factors such that 
the loading is not ideal in the granular system; the particle shape changes due to crushing; small 
particles composed of one or only several elements rarely crush. However these results support the 
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idea that the critical grading of the granular material can be predicted by the crushing characteristic 
of the single particles. 
These results showed that all the samples finally arrived at the critical state characterized by a 
unique void ratio, a unique grading curve, and unique average value and distribution of the aspect 
ratio, despite the difference in particle crushing mechanics. 
en 
en 
C\S 
E 
>-. 
..0 
..s:::: 
on 
::l 
0 
~ 
..s:::: 
~ 
~ 0 
Initial 1 Critical state 
100 -0- 1- . - RIOa 
---v-- 1 - . - R I Ob 
-~ I A - RIOe 
80 I - Y- RIOd 
1 + RI5a 
1 ... R20a 
60 / HIOa 
1 • H 15a 
40 
20 
0 
Particle diameter (cln) 
10 
Fig.3.43 Shift of the grain size distributions with respect to the normalized pressure. 
-. 
en 
'x 
cd 
t:: 
0 ,.. 
Cii 
---en 
'x 
~ 
OJ) 
c 
.2 
II 
"-" 
.2 
~ 
1-0 
U 
QJ 
0-
en 
~ 
2.0 
1.9 
1.8 
1.7 
1.6 
1.5 
1.4 .-
1.3 
1.2 
I.l 
1.0 
A---A -
2 - _- _-.-
,-
0.01 0.1 
Normalized pressure, pl an 
R lOa 
-0- HIOa 
10 
Fig.3.44 Shift of the average values of the aspect ratio of RIO, RI5, R20, HIO, HI5, H20. 
108 Chapter3 Particle crushing mechanism and progressive change in grading simulated by DEM 
0.30 
I 
• RI0a 
0.25 • RI5a • A R20a 
~ • ~ 0 H10a 
0.20 0 0 H15a 0 
>-. 
0 A I 6. H20a 
C,) 1- ---Toyoura sand c 0.15 0 • :::I 6- [Matsushima et a1.(2008)] 
v e o / ..... ~ <l.,) / (;) '~ 
~ { 
'w..., 0.10 '> I I 0 6, 0 
I 8 
, 
• I A 
• 6. Do ... 0.05 I 0 0 0 "C!.-
'. • 
' , 
.6 ... I 0- -.. - ~ I 0 • 0 B t5 I 
0.00 
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 
Aspect ratio (Long axis / Sh0l1 axis) 
Fig.3.45 Aspect ratio distribution in the critical state. 
Geometrical1imit, 
<: N ('I' - line 
--. 
0 Rl0a 
0 RIOb \7l 
/). RIDe 
'V RIOd 
1 
0.05 0.1 
Rb lR 
Fig.3.46 Computed coordination number of various sized particles. 
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3.5 Conclusion 
Particle crushing n1echanisn1 and the progressive change in grading under one-dilnensional con1-
pression were investigated in this chapter using DEM with InOlnent spring function. 
First, in Chapter 3.2, DEM with n1on1ent spring function "lVlon1ent-DEM" was developed in order 
to prevent the string-like behavior of the elelnents aligned in a line which n1ight result in inaccurate 
particle crushing behavior. Second, a crushable particle consisting of randomly-packed elements with 
less anisotropy in the crushing strength was created. 
Chapter 3.3 presented three types of single particle crushing sin1ulations using MOlnent-DEM. 
First, several sizes of breakable circular particles were crushed by two horizontal plates, and showed 
that the slnall particles have larger strength than the large particles. Second, the circular particle was 
surrounded by circular elements with various nun1bers Nb and sizes Rb , and isotropically cOlnpressed. 
The particle crushed for slnall N b, while remained uncrushed over the certain values of Nb depending 
on Rb . The critical structure of the granular Inaterial was predicted using the relationship between 
Nb and Rb. Third, a single elliptical particle was con1pressed by three circular elen1ents placed at 
different configurations. From the observation of the internal stress of the particle, the crushing 
Inechanism was classified into three types: the cleavage destruction, the bending fracture and the 
edge abrasion. 
In Chapter 3.4, a series of the one-dilnensional cOlnpressions silnulations were conducted on gran-
ular assen1blies of the various sizes and the grading using Moment-DEM. From the observation of 
the internal stress and the particle crushing behavior, the following crushing Inechanisms were found 
depending on the grading and the particle shape: 
Grading effect The particle crushing was deeply influenced by the randomness of the structure in 
the Inixtures with less particle size dispersion, while it was influenced by the particle size in 
the mixtures with large particle size dispersion, namely the slnall particles crushed while the 
large particles remained uncrushed. 
Particle shape effect FrOln the observation of the internal stress, three types of crushing mechanism 
were observed: the cleavage destruction, the bending fracture, and the edge abrasion. The 
cleavage destruction was Inainly observed in the samples consisting of round shaped particles; 
the bending fracture occurred in the samples consisting of elliptical particles; the edge abrasion 
was frequently observed in the angular shaped particles. 
These results imply that the internal structure, which is determined by the basic characteristic of 
granular Inaterials such as grading (see Chapter 2) and the particle shape, has a great influence on 
the particle crushing n1echanism. In addition, despite the difference in the above Inentioned particle 
crushing n1echanisms, all the assen1blies converged into a critical state, which is defined by unique 
values of the void ratio, the grain size distribution and the aspect ratio, under a considerably large 
cOlnpression pressure. 
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Chapter4 
Progressive change in grading observed In 
physica I test 
4.1 Introduction 
In Chapter 3, the mechanisnl of the grading change due to grain crushing has been investigated 
using DEM and the theoretical model. This chapter presents a validation of the findings in the 
former chapters by a series of nlicro one-dimensional compression tests accompanied with X-ray CT 
scans. 
As explained in Section 1.2, the micromechanislTI of the particle crushing in the granular material 
has not been fully understood despite a great efforts on this topic [2,3, 7,8,37], since the experinlen-
tal researches necessarily have encountered the difficulty in the observation of individual particle's 
behavior. 
X-ray computed tOlTIography, CT, is a powerful tool in this sense. X-ray CT has been mainly used 
for the investigation of strain localization in the geotechnical engineering field: Roscoe (1970) [24] 
observed the shear band of a lTIixture of sand and lead shot under simple shear condition for the first 
tinle (Fig. 4.1): Desrues et al. (1996) observed various patterns of shear bands generated in sand 
specinlens under triaxial compression: Alshibi et al. (2000) [74] and Otani et al. (2006) [75] have 
also attained images of the strain localization in sand specinlens under various loading conditions. 
However the abovenlentioned researches observed the density distributions of the specimens instead 
of the individual particles thelTIselves due to the low resolution of the industrial and medical X-ray 
CT they used. 
Recent technical breakthroughs in the X-ray CT with higher resolution allow us to obtain clear 
images of the individual particles: I-Iigo et al. (2011) [25] clearly observed soil particles, pore water 
and pore air of a saturated sand specimen under triaxial conlpression (Fig. 4.2): Katagiri (2012) [17] 
created a catalogue of three-dimensional particle shapes for eight types of sands using X-ray CT 
scanning. 
Up to present, on the other hand, only a few studies have been nlade in the field of particle crushing 
behavior (Fig. 4.3 (personal cOlTImunication with Matsushinla (2004))), and further study is needed 
on this topic. 
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On the basis of these backgrounds, a coherent attempt to obtain X-ray CT images of particle 
crushing under one-dimensional compression was made in this chapter. 
Section 4.2 describes the methodologies of micro one-dimension test, X-ray CT scan and subsequent 
image processing. 
Section 4.3 presents a series of single particle crushing tests on Masado-sand. 
Section 4.4 denotes the micro one dimensional compression tests accompanied with the X-ray CT 
scan and subsequent image processing. 
Section 4.5 states the conclusion in this chapter. 
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Fig.4.1 Two superimposed radiographs of dense sand containing lead shot after increment of 
shear strain [24] . 
(Min: ·S I3) ·569 544 (Max: 7888) 
Fig.4.2 A cross-sectional CT image of a partially saturated soil [25]. 
Fig.4.3 Longitudinal section images of a one-dimensional compression test on Masado-sand 
(personal communication with Matsushima (2004)) 
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4.2 Test methodology 
4.2.1 Micro one-dimensional compression test 
A micro scale one-dimensional compression test apparatus was developed (Fig. 4.4). The sample 
cell container was designed to be detached from the loading system and be attached into the Xray 
CT scanner "SkyScan1172" which will be explained later. The cell container consists of four parts: 
an acrylic cylinder (inner diameter: 4 mm, outer diameter: 8 mm, height: 26.5 mm), upper and lower 
rods and a pedestal (Fig. 4.5). First, the lower rods and the cylinder were set onto the pedestal; a 
granular material was packed into the cylinder until the height reached between 8 and 10 mm; then 
the upper axis was inserted. The pedestal was designed to fit into both the loading system of the 
micro one-dimensional compression test apparatus and the rotating table of SkyScan1172. 
The actuator had a resolution of 0.008 mm and the maximum load of 490 N. The actuator displaced 
the upper axis at the constant speed of 0.05 mm/min during the test. 
Figure 4.6 shows a load-displacement curve of Masado-sand consisting of particle size of 425 -
850 /-lm with the void ratio of about 1.2 as an example. The compression curve had a well-known 
form consisting of two lines and a folding point between them. A test result conducted a higher 
compression rate is also shown for comparison. The displacement suddenly fell after the folding 
point with the higher compression rate, which indicates that the loading rate was too high to realize 
the quasi-statistic compression. 
Displacement 
gauge 
Fig.4.4 Overview of the micro one-dimensional compression test apparatus. 
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Fig.4.5 Sample cell container of the one-dimensional compression test apparatus . 
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Fig.4.6 An example of the load-displacement curve. 
4.2.2 X-ray CT scan 
100 
113 
SkyScanl172 produced by Bruker microCT was used in this study (Fig. 4.7). It captures X-ray 
transfer images of a sample from the whole circumference. Three-dimensional geometrical data was 
constructed using an attached application. Table 4.1 lists up the parameters used in this study. 
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Table4.1 Xray CT scanning parameters for SkyScanl172 
Parameters 
Resolution 
Filter 
Exposure time per scan 
Inclination of axis rotation 
Image size 
I . 
Values 
4.9, 9.9, 19.9 Mm/pixel 
0.5 mm thick Aluminum 
150 ms 
1 degree 
1000 by 1000, 24 bit 
'1"'" ' . 
I .. ., 
.. ~-. 
- ' ''l'' .. ,:", ~. 
Fig.4.7 Overall picture of Xray CT scanner , SkySkanl172. 
4.2.3 Image processing for grain identification [26] 
In order to identify individual grains from a three-dimensional image of a granular material, the 
following procedures developed by Matsushima and Katagiri [26] were conducted. 
1. Binarization: Solid (particle) part is distinguished from void part by binarizing images using 
a mechanically valid threshold. 
2. Erosion: The particle surface is eliminated one layer by one layer until the individual particles 
are separated. 
3. Cluster labeling: The remaining core pixels are labeled using a well-established cluster 
labeling algorithm [76]. 
4. Attribution of eroded pixels: The eroded pixels were attributed to the adjacent core pixel 
cluster to re-create the particles. 
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4.3 Single particle crushing test 
A series of single particle crushing tests was carried out on salnples consisting of various sizes of 
fractural sand "Masado-sand" obtained fron1 Shiga prefecture, Japan. The one-dimensional com-
pression apparatus (Fig. 4.4) was applied for the sin1ple compression test as well. A particle was 
placed between the bottom and the top axes; then the upper axis was n10ved at a constant rate to 
crush the particle. The capacity of the load cell was 980 N (= 100 kgf) with a resolution of 0.196 
N. Table 4.2 lists the test cases. 
Figures 4.8 and 4.9 show typical examples of stress-strain relationship obtained by the tests; stress 
was detennined as load divided by the square of the particle height, and strain was defined as 
displacement divided by the particle height. In Fig. 4.8 the stress proportionally increases with 
the strain until the peak, and then suddenly drops at the point of particle fracture. On the other 
hand, Fig. 4.9 shows a sawtooth curve due to numbers of sn1all particle fractures. The stress-strain 
behaviors of Figs. 4.9 and 4.8 are corresponding to those of quartz and of feldspar, respectively, 
according to Nakata et al. (1999) [70]. Figure 4.10 shows the particle crushing process corresponding 
to the points from A to F in Fig. 4.9 as follows. 
A) A corner of the particle contact with the upper loading axis. 
B) The corner crushed at the first slnall stress peak. 
C) The dialnetrical crack elnerged on the left side of the particle at the second large peak. 
D) Another diametrical crack emerged in the orthogonal direction froln the previous one. 
E) A debris on the lower right side separated. 
F) The particle fractured into several fraglnents. 
Figure 4.11 shows the relationship between the crushing strength and the particle diameter together 
with the test results by Nakata et al. (1999) [70]. The crushing strength proportionally increased 
with decreasing the particle diameter in the double logarithn1ic scale showing agreen1ent with the 
previous researches [29,30,34]. 
Table4.2 Simple compression test cases. 
Particle size range (p Compression speed 
m) Particle nun1ber (p m / min) 
250 - 425 5 2 
425 - 850 14 5 
2000 - 4750 10 20 
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Fig.4.8 An example of crushing strength - strain relationship. 
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Fig.4.9 An example of crushing strength - strain relationship. 
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(A) £== 0.0047 (D) £== 0.089 
(B) £== 0.024 (E) £== 0.11 
(C) &== 0.071 (F) &== 0.12 
Fig.4.10 Particle crushing process. 
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Fig.4.11 Effect of particle size on crushing strength. 
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4.4 Micro one-dimensional compression test with X-ray CT scan 
4.4.1 Testing procedure 
Figure 4.12 schematically show the testing procedure, which follows the steps below: 
• Step I-Sample preparation: A granular material was poured into the vessel (inner diam-
eter: 4 mm, outer diameter: 8 mm, height: 26.5 mm) in three batches. After being poured, 
the sample was tamped with a rod of 3 mm diameter 20 times in each batch to have a height 
of between 8 and 9 mm for the last time. 
• Step 2-Initial scanning: The sample was scanned by SkyScanl172. 
• Step 3-Compression: The sample cell was set in the one-dimensional compression system. 
The loading rod was moved downward at a constant rate of 0.05 mm/min. until the compres-
sive pressure reached a target value. 
• Step 4-After compression scanning: The sample ~as scanned again. 
• Step 5-Sieving: The sample was subjected to sieve analysis. 
• Step 6-After sieving scanning: Three sizes of fragments, each consisting of 73 - 120, 200 
- 250 or 350 - 425 p,m particles, respectively, were scanned individually. 
• Step 7 Image processing: Image processing for particle identification [26] was conducted 
on the four groups of images obtained by Step 2 Initial scanning and Step 6 after sieving 
scanning. 
Light loading 
(O.8h IPa) 
~ k diulll loading 
( 8~\'[Pa ) 
Full loading 
(50t\ fPa) 
Step I. 2 Step 5 St~p 6. 7 
~ ... ... ... ........... '1--• . . ~JosP 
~: .: ... ::.:: '1~ ... . L.-• . IoV' 
~.:: .. .. . : #~'_ I > .. :; .;. >; '. ;';'. ' .. ,J> 
Fig.4.12 Testing procedure of the micro one-dimensional compression test accompanied with 
X-ray CT scan. 
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4.4.2 Test cases 
Three types of the Masado-sand samples (MA-A, MA-B and MA-C) with various grain size distri-
butions were prepared. Figure 4.13 compares the initial grain size distributions of prepared samples 
with that of the original Masado-sand. Table 4.3 lists the test cases: for each grading, three spec-
imens with a similar void ratio e were prepared, the ultimate load of each sample was 0.8 MPa, 8 
MPa and 50 MPa, respectively. The whole testing procedures from Step 1 to 7 were conducted on 
the samples of type MA-A, while Step 1 to 5 were conducted on the samples of types MA-B and 
MA-C. 
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Fig.4.13 Grain size distributions of MA-A, MA-B, MA-C compared with the original. 
Table4.3 Test cases for the micro one-dimensional compression test and X-ray CT scan. 
Grading 
Sample Ultimate pres-
Step 1 - 5 Step 6, 7 
sure p(MPal Void ratio e name 
MA-A(0.8) 0.8 1.17 vi vi 
MA-A MA-A(8) 8 1.19 vi vi 
MA-A(50) 50 1.19 vi vi 
MA-B(0.8) 0.8 1.16 vi 
MA-B MA-B(8) 8 1.14 vi 
MA-B(50) 50 1.13 vi 
MA-C(0.8) 0.8 0.83 vi 
MA-C MA-C(8) 8 0.83 y' 
MA-C(50) 50 0.84 vi 
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4.4.3 Test results and analysis 
.Grain size distribution Figures 4.14 to 4.16 compare the grain size distribution curves under various 
pressure, p = 0,0.8,8,50 MPa, of MA-A, MA-B and MA-C, respectively. The fine particle emerged 
even under a small pressure of 0.8 MPa. Interestingly, the finer part of the grading curves of MA-A 
and MA-B coincided with the original grading curve. In all the cases, the curves shifted toward the 
upper left part of the graphs in whole the cases due to grain crushing. 
Figure 4.17 compares the grading curves of three types of samples for the initial condition p = 
OMPa and the maximum load condition p = 50MPa. The grading curves showed similar trend under 
50 MPa pressure, while did not overlap completely because they did not yet reach the critical state. 
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Fig.4.14 Progressive change in the grain size distributions of MA-A. 
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Fig.4.15 Progressive change in the grain size distributions of MA-B. 
4.4 Micro one-dimensional compression test with X-ray CT scan 
100 
MA-C 
- -- OrigiJlal gradiJlg 
80 -.-P = Q MPa 
.0- ~-P = 0.8 MPa 
.c 
-+- P = 8 MPa OIJ 
'aJ 60 
-11- P = 50 MPa ~ 
;>. 
.0 
I-
~ 40 
~ / 
E / ,-
en ,-
0 ,-
0 20 ,-,-
,-
---."". 
0 
0.1 
Grain diameter (mm) 
FigA.16 Progressive change in the grain size distributions of MA-C. 
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FigA.17 Comparison of grain size distributions of MA-A, MA-B and MA-C when pare 0 and 50 MPa . 
• Compressibility Figures 4.18 to 4.20 show the compression curves of MA-A, MA-B and MA-C, 
respectively; three curves whose ultimate loads were 0.8, 8 and 50 MPa, respectively, roughly overlap 
each other. The grading curves showed well-known characteristics of the grading curves obtained 
by normal-sized test apparatus, but did not show the second horizontal line observed in the DEM 
simulation [2] (Fig.3.42), which implies the samples did not reach the critical state. 
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Figure 4.21 compares the compression curves ofMA-A, MA-B and MA-C. The void ratio converged 
into a unique value of 0.3 under 50 MPa of p, in accordance with the DEM result (Fig.3.42). 
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Fig.4.19 Compression curves of MA-B. 
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FigA.21 Comparison of the compression curves of MA-A, MA-B and MA-C . 
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• X-ray CT image Figures 4.22 to 4.24 compare the vertical and horizontal cross-sectional X-ray CT 
images of MA-A, MA-B and MA-C, respectively, obtained at Step 2 Initial scanning and Step 
4 After compression scanning with a CT resolution of 19.9 Mm/pixel. The comparison between 
(a), (b), (d) and (f) of each figure enables us to understand the compression behavior described in the 
previous section. The small debris generated by grain crushing increased with increasing pressure 
(b, d) and filled the void between large particles (f). Even under a large pressure of p = 50 MPa, 
some large particles remained uncrushed (f). The abovementioned observation coincided with the 
DEM results (Figs. 3.31 - 3.39). 
Figures 4.25 to 4.27 show the X-ray CT images of MA-A under pressures of 0.8 MPa, 8 MPa 
and 50 MPa, respectively, in which three sizes of screened particles, large (350-850 Mm), medium 
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(200-250 p,m) and small (73-120 p,m) , are separately visualized. It is to be noted that the following 
CT resolutions were applied: 19.9 p,m/pixel for the large particles; 9.9 p,m/pixel for the medium 
particles; 4.9 ,urn/pixel for the small particles. 
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Fig.4.22 Vertical and horizontal cross-sectional X-ray CT images of MA-A: (a) p =0 MPa of 
MA-A (0.8); (b) p =0.8 MPa of MA-A (0.8); (c) p =0 MPa of MA-A (8); (d) p =8 MPa of 
MA-A (8) ; (e) p =0 MPa of MA-A (50) ; (f) p =50 MPa of MA-A (50). Three triangle marks 
(I, II and III) on the vertical images show the locations of horizontal cross-sectional images. 
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Fig.4.23 Vertical and horizontal cross-sectional X-ray CT images of MA-B: (a) p =0 MPa of 
MA-A (0 .8); (b) p =0.8 MPa of MA-A (0.8); (c) p =0 MPa of MA-A (8); (d) p =8 MPa of 
MA-A (8); (e) p =0 MPa of MA-A (50); (f) p =50 MPa of MA-A (50). Three triangle marks 
(I , II and III) on the vertical images show the locations of horizontal cross-sectional images. 
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Fig.4.24 Vertical and horizontal cross-sectional X-ray CT images of MA-C: (a) p =0 MPa of 
MA-A (0.8); (b) p =0.8 MPa of MA-A (0.8); (c) p =0 MPa of MA-A (8); (d) p =8 MPa of 
MA-A (8); (e) p =0 MPa of MA-A (50); (f) p =50 MPa of MA-A (50). Three triangle marks 
(I, II and III) on the vertical images show the locations of horizontal cross-sectional images . 
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Fig.4.25 Vertical and horizontal cross-sectional X-ray CT images of MA-A(O.8): (a) large par-
ticles (350-850/tm); (b) medium particles (200-250/tm)i (c) small particles (73-120/tm). Three 
triangle marks (I, II and III) on the vertical images show the locations of horizontal cross-
sectional images. 
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Fig.4.26 Vertical and horizontal cross-sectional X-ray CT images of MA-A(8): (a) large par-
ticles (350-850J-Lm); (b) medium particles (200-250J-Lm); (c) small particles (73-120J-Lm). Three 
triangle marks (I , II and III) on the vertical images show the locations of horizontal cross-
sectional images. 
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Fig.4.27 Vertical and horizontal cross-sectional X-ray CT images of MA-A(50): (a) large par-
ticles (350-850jtm) ; (b) medium particles (200-250jtm); (c) small particles (73-120jtm). Three 
triangle marks (I , II and III) on the vertical images show the locations of horizontal cross-
sectional images. 
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.Image processing A bunch of image processing process developed by Matsushima et al. (2006) [26] 
was applied to the initial state of MA-A (Fig. 4.22(a, c, e)) and the screened particles of MA-A 
after compression (Figs. 4.25 to 4.27) in order to identify individual particles and obtain their three-
dimensional shape data. Figure 4.28 shows cross-sectional images in each step of the processing. 
From 139 to 478 particles were identified in each case through the image processing, but they 
include some incorrect data. Figure 4.29 shows images of a well-identified (correct) particle and a 
poorly-identified (incorrect) particle as an example. Obviously two particles were recognized as one 
in the poorly-identified data (Fig. 4.29(b)). Note that the well-identified (correct) data were visually 
judged one by one in this study, but more objective judgment would be desired in the future. Table 
4.4 lists the numbers of total data and correct data, and the correct data rate. 
Figure 4.30 compares the average values of the aspect ratio obtained by the above mentioned 
image processing and those computed by DEM. The initial aspect ratio of Masado-sand used here 
was about 1.4, and did not change intensively through the grain crushing, which agree well with the 
DEM results. Further physical tests on particles whose aspect ratio is considerably larger or smaller 
than 1.4 are desired to validate this finding. 
Figures 4.31 to 4.39 show some examples of the three-dimensional particle shapes. 
(a) 
(d) (e) 
FigA.28 Cross-sectional pictures on various stages of the image processing [26]; (a) original 
image, (b) after binarization, (c) after erosion, (d) cluster labeling, and (e) after attribution. 
In ( d) and (e), the particles were color-coded according to the labeling. 
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(a) 
Fig.4.29 Example images of (a) the well-identified particle and (b) the poorly-identified particle. 
Sample name 
MA-A(0.8) 
MA-A(8) 
MA-A(50) 
Table4.4 Number of data obtained by the image processing. 
Particle size (J-lm) 
Large(350-850) 
Medium(200-250) 
Small(73-120) 
Large(350-850) 
Medium(200-250) 
Small(73-120) 
Large(350-850) 
Medium(200-250) 
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Fig.4.30 The comparison of the average values of the aspect ratios obtained by physical test 
and those computed by DEM (Fig. 3.44). 
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Fig.4.31 Example images of the large particles (350-850/-im) of MA-A(O.7). Each particle is 
depicted from the front side, lateral side and the top side, respectively. 
4.4 Micro one-dimensional compression test with X-ray CT scan 
MA-A(O.8) Medium(200-250~ln1) 
- - -
- -
-
-
- -
- -
- -
--
- - - -
Front side LatcraJ side 
00 1-- ) .. .. . 
d Scale Hun) 
- -
. - (1 
-
. . 
Top side 
100 
Fig.4.32 Example images of the medium particles (200-250f.lm) of MA-A(O.7)_ Each particle 
is depicted from the front side, lateral side and the top side, respectively. 
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Fig.4.33 Example images of the small particles (73-120JLm) of MA-A(O.7) . Each particle is 
depicted from the front side, lateral side and the top side, respectively. 
4.4 Micro one-dimensional compression test with X-ray CT scan 
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Fig.4.34 Example images of the large particles (350-850pm) of MA-A(O.7). Each particle is 
depicted from the front side, lateral side and the top side , respectively. 
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FigA.35 Example images of the medium particles (200-250{tm) of MA-A(O.7). Each particle 
is depicted from the front side, lateral side and the top side, respectively. 
4.4 Micro one-dimensional compression test with X-ray CT scan 
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Fig.4.36 Example images of the small particles (73-120pm) of MA-A(O.7) . Each particle is 
depicted from the front side, lateral side and the top side, respectively. 
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Fig.4.37 Example images of the large particles (350-850/lm) of MA-A(O.7). Each particle is 
depicted from the front side, lateral side and the top side, respectively. 
4.4 Micro one-dimensional compression test with X-ray CT scan 
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FigA.38 Example images of the medium particles (200-250j.tm) of MA-A(O.7). Each particle 
is depicted from the front side, lateral side and the top side , respectively. 
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Fig.4.39 Example images of the small particles (73-120/-im) of MA-A(O.7). Each particle is 
depicted from the front side, lateral side and the top side, respectively. 
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4.5 Conclusion 
Progressive change in grading of the granular n1aterials under one-dilnensional compression was 
investigated by a series of the Inicro one-dilnensional con1pression tests and X-ray CT scan. 
In Section 4.3, a series of single particle crushing tests was prelin1inarily conducted on various sized 
Masado-sand. Masado-sand showed two types of crushing behaviors: splitting into a few fragn1ents 
with a big peak stress in stress-strain curve; fracturing gradually with a sawtooth response of stress 
against strain. The obtained crushing strength agreed well with previous researches qualitatively. 
In Section 4.4, micro one-din1ensional cOlnpression tests were conducted on the Masado-sand 
with three types of the initial grain size distributions. The test results agreed well with the DE]VI 
simulations in the sense that: the grading curves approached to a unique curve due to the grain 
crushing; the void ratio also converged into a unique value irrespective of the initial grading. Then 
X-ray CT scan was conducted on the specilnens under various stress levels. The nun1ber of small 
debris increased with increasing cOlnpressive pressure due to grain crushing, and finally filled the 
void between the large particles which remained uncrushed. The three-din1ensional particle shape 
data obtained by the image processing [26] proofed that the average aspect ratio of Masado-sand 
was unchanged fron1 1.4 during the whole range of con1pression as had been expected by the DEM 
silnulation. 
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Conel usions 
In this thesis, the grain crushing phenomenon in the granular luaterial is segmentalized into three 
processes: in the internal structure and internal stress distribution determined by the grading (Pro-
cess I); grain crushing under a given condition of internal structure (Process II); the progressive 
change in grading caused by grain crushing (Process III). This thesis presented detailed investiga-
tion on the abovementioned processes. 
For the purpose of Process I, a package of studies have been done on the void ratio and the 
coordination nUlubers of binary and poly-dispersed mixtures using the theoretical model, DE]VI, the 
maxiluulU and the luininlunl dry density tests and direct shear box tests in Chapter 2. First, a 
model replacing a well-graded granular nlaterial with a binary nlixture was fornlulated to sinlulate 
the mechanical properties. The applicability of this model was validated by a series of experiments 
with the lunar soil siluulant, F JS-l, and the mixture of silica and glass beads in ternlS of the void ratio 
range and the shear strength. The void ratio range and the angle of shear resistance of well-graded 
samples were well sinlulated by the mixture consisting of fine and large screened particle groups 
designed by the model. This model helps us to predict the nlechanical properties of the well-graded 
granular luaterials with an arbitrary size distribution by those of binary granular mixtures. 
Second, the coordination nunlber and the void ratio of binary packings were investigated. A void 
ratio model taking into account the influence of "dead space" between the two size particles, was 
built in 2D and in 3D, and validated by the two-dimensional DEM and the maximum and the 
minimulu dry density tests. The model successfully predicted the void ratio of the densely-packed 
binary luixtures, while overestimated the void ratio of the loosely-packed ones. Then, a model 
which predicts the coordination nUluber of binary mixtures was built through a pure geometrical 
consideration. The nl0del consisted of three stages with respect to the content of sluall particles 
W s: W S S - model in which Til! s is snlall and the small particles exist in the large particles lattice; 
Til! s L - model in which Til! s is large and the large particles buried in the small particles bed; boundary 
state which linearly-interpolates the above nlentioned two stages. The nlodel predicted the general 
trend of the coordination number with respect to Til's simulated by DEM. 
Third, the internal structures of poly-dispersed granular nlaterials were studied. Using a two-
dinlensional DE1!l, nine types of disk assenlblies having different grain size distributions were packed 
densely or loosely and their coordination nunlbers and void ratios were lueasured. Both the void 
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ratio and the coordination nun1ber showed different trends between the san1ples whose standard 
deviation of the grain size distribution a \vas less than 0.0737 and the san1ples whose a was over 
0.0737. The particles forn1ing the hexagonal closest packing (HCP) were don1inant in the case whose 
a was zero; they rapidly disappeared with increasing a and few of then1 were found in the case whose 
a was over 0.0737. The particles fOfl11ing HCP, therefore, n1ay affect the changes in the void ratio 
and the rnean coordination nun1ber when a was less than 0.0737. 
Finally, an attempt has been done to predict the distribution and the average value of the coordi-
nation number frOlll a given grain size distribution. The prediction was done based on the findings 
that the coordination number was proportional to the norn1alized radius of the particles in all the 
cases. The predicted frequency distribution and the n1ean value of the coordination nun1ber agreed 
well with the silnulation results for the samples whose a were over 0.0737. lVloreover, although the 
lllodel was developed for 2D granular systelll, the silnilar Inodeling will be possible for 3D systeln. 
In order to investigate Process II and III, a series of single particle crushing tests and one-
dimensional cOlnpression tests were conducted using DEM equipped with a n10lTI.ent spring function 
in Chapter 3. 
First, DElvl with Inoment spring function "Mornent-DEIvl" was developed in order to prevent 
the string-like behavior of the elen1ents aligned in a line which rnight result in inaccurate particle 
crushing behavior. A crushable particle consisting of randon1ly-packed elelnents with less anisotropy 
in the crushing strength was created. 
Second, three types of single particle crushing sin1ulations were conducted using Ivlon1ent-DEI\1: 
dian1etric con1pression of various sized circular particles showed the size effect of the crushable particle 
and the crushing strength increased with decreasing particle size; radial cOlnpression of a circular 
particle by disk particles with various sizes and nUlllbers revealed the Inaxilnuln lin1it of contact 
numbers causing the particle crushing; flexural con1pression of an elliptical particle by three disk 
particles showed that the particle crushing was classified into three types, i.e. cleavage destruction, 
bending fracture and edge abrasion. 
Third, a series of the one-dirnensional con1pression silnulations were conducted on granular assem-
blies of various sizes and the grading using I\10n1ent-DEI\1. From the observation of the internal stress 
and the particle crushing behavior, the following crushing Inechanisms were found depending on the 
grading and the particle shape: (1) "Grading effect" -the particle crushing was deeply influenced by 
the randomness of the structure in the Inixtures with less particle size dispersion, while it was in-
fluenced by the particle size in the n1ixtures with large particle size dispersion, namely the small 
particles crushed easily while the large particles ren1ained uncrushed; (2) "Particle shape effect" -fron1 
the observation of the internal stress, three types of crushing mechanisn1 were observed, the cleavage 
destruction, the bending fracture, and the edge abrasion similarly to those observed in the single 
particle crushing test. The cleavage destruction was n1ainly observed in the salllples consisting of 
round shaped particles; the bending fracture occurred in the sarnples consisting of elliptical particles; 
the edge abrasion was frequently observed in the angular shaped particles. These results in1ply that 
the particle crushing Inechanisn1 is influenced by the initial grading and particle shape. Despite the 
difference in the above n1entioned particle crushing Inechanisrns, all the assen1blies converged into a 
144 Chapter5 Conclusions 
critical state, which is defined by unique values of the void ratio, the grain size distribution and the 
aspect ratio under a considerably large compression pressure. 
Then, in order to validate the findings of DE11 simulations, a series of Inicro one-dimensional 
conlpression tests, X-ray CT scan and subsequent image processing was conducted on Masado-sand 
with various initial grading were conducted in Chapter 4. 
First, single particle crushing tests were preliminarily conducted on various sized Masado-sand. 
Masado-sand showed two types of crushing behaviors: splitting into a few fragnlents with a big peak 
stress in stress-strain curve; fracturing gradually with a sawtooth response of stress against strain. 
The obtained crushing strength qualitatively agreed well with previous researches. 
Second, a series of micro one-dimensional cOlnpression tests was conducted on the Masado-sand 
with three types of the initial grain size distributions. Test results agreed well with the DEM 
silnulations in the sense that: the grading curve approached to a unique curve due to the grain 
crushing; the void ratio also converged into a unique value irrespective of the initial grading. Then 
X-ray CT scan was conducted on the specilnens under various stress levels. The number of slnall 
debris increased with increasing compressive pressure due to grain crushing, and finally filled the void 
between the large particles which remained uncrushed similarly as observed in the DEM sinlulation. 
Three-dimensional particle shape data obtained by the inlage processing [26] proofed that the average 
aspect ratio of Masado-sand was unchanged from 1.4 during the whole range of cOlnpression as had 
been expected by the DEM sinlulation. 
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A.1 Shear strength model of binary mixture 
A.I.l Introduction 
Previous research (14,15] has exa111ined the effect of Ws, the vohllue fi'action of the s111all particles, 
and ex, the size ratio of the large particles to the s111all particles on the static void ratio range 
under the Earth gravity; several models describing the void ratio as a function of TiV s have been 
proposed [13,81,82]. On the other hand, only a few studies are currently available on their luechanical 
behavior [83, 84]. Since the luechanical behavior of the luono-sized particles have been revealed 
from granular mechanics perspective to a considerable extent [85, 86], the author calculated the 
contribution of each size cOluponent on the binary nlixtures when the rnechanical characteristic of 
each type of components are given. The novelty of this nlethod is to be applied to the binary 
nlixtures cOluposed of large and snlall different luaterials. 
On the basis of these background, a nl0del which is able to predict the shear strength of binary 
mixture of various TiV s and ex is presented, and its applicability to the binary 111ixture in the densest 
state was validated in 2D and in 3D by the DE}\1 siluulation and the direct shear box test. 
A.I.2 Model 
In general, the effect of the snlall particles on the luechanical properties of the binary Inixture 
becOlnes negligible when His is sufficiently snlall, while the contribution of the large particles is 
negligible when TiVs is sufficiently large. Therefore, it is able to define the transition range (TiVs ::; 
TiV s :S TiV~) in which the interaction between the small and the large particles cannot be negligible. 
The following nlodel was built based on the assunlption that the particles distribute unifonuly. 
Figure A.l conceptually illustrates the contribution of the large particles with respect to liV s. The 
figure also includes smue diagranls of simplified packing structures corresponding to state (a) to (e). 
In particular, state (c) is defined by Ws = TiVs where the void among the large particles is conlpletely 
filled with the Slnall particles; state (d) is defined by Ws = TiV~ where the distance between the large 
particle is same as the size of m sluall particles. State (d) is regarded as the state where the contact 
points between the large particles are lost and their frictional contribution becOlues negligible. The 
author divided Ws into 3 areas and nalued as Area A (lI11s :S TiVs), Area B (His < Tills :S TiV~) and 
The contents of this chapter were published in [77-80] 
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Area C ((W~ :::; Ws)), respectively. 
When W s is less than Ws, the contribution of the small particles to the mechanical properties of 
the mixture may be very small, considering the condition that the confinenlent of the small particles 
in the void is very low and accordingly the number of the contact points of the slnall particles 
supporting the granular structure is sufficiently small (Area A in Fig. A.l). In the SaIne way, the 
contribution of the large particles may be very small when Ws is larger than Mr~, because there is 
very few contact points between the large particles (Area C). The linear relation is assumed in the 
transition range, Ws :::; Ws :::; W~ (Area B). In the following subsections, Ws and W~ are described 
explicitly by a. 
171 sJ"nall pm·tides 
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Fig.A.1 Changes in the contribution of large particles with respect to Ws. (a) Ws = 0%. (b) 
Assembly having a few small particles in the void among large particles. (c) TVs = TV,5 where 
the void among large particles is completely fill with small particles. (d) Ws = W~ there is no 
direct contact between large particles. (e) Ws = 100%. 
2D model 
• Derivation of TiVs The volulne ii-action of the small particles at state (c), denoted by Ws , has 
been derived under the condition that a is sufficiently large [13]. The packing only with the large 
particles is considered at first, and the void ratio only with the large particles is defined as; 
e - Vv~id L - L ' 
Vsolid 
(A.l) 
where Vv~id and Vs~lid are the volunle of the void part and the solid part of large particles. Note that 
Vv~id includes the volulne of small particles. Then the void between the large particles is assumed 
to be filled with the snlall particles, thus the void ratio without considering the large particles is 
VS VL 
es = void = void - 1 
VS s ' 
soli,d Vsolid 
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where Vv~id and Vs~lid are the volume of the void part and the solid part of small particles. Therefore 
Ws is described by the following equation: 
;r a I 00 Vs~lid his = Vs~lid + Vs~lid 
100eL (A.2) 
When the effect of a cannot be negligible, however, the above equation should be lTIodified. V\Te focus 
on the "dead space" around the contact between two large particles, denoted by Aa as shown in Fig. 
A.2. Using the angle w = arccos(aj(1 + a)) defined in the figure, Aa is deternlined geometrically as; 
Aa = r'i (tan w - w) - r~ (~ - w ) , (A.3) 
where rs and rL are the radii of the small particle and the large particle, respectively. Then the 
OJ 
() 
c: 
OJ 
A 
a B L-, -----~ 0 
? 
r L 
7 
Fig.A.2 A "dead space" around the contact between two large particles. (a) The center of a 
large particle and a small particle is denoted by 0 and A, respectively, and the contact point 
between the two large particles is denoted by B. (b) The detailed illustration of the triangle 
ABO. 
author define fJ(a), the ratio of Aa over the volume (area in 2D) of the large particles: 
) Aa fJ(a = nL-2 
1f r L 
nL [ I 
= - (tan w - w) - -. 
1f a 2 
(A.4) 
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Fig.A.3 Relationship between the void ratio and the coordination number of two-dimensional 
disk assemblies. 
where nL is the mean coordination number of the assembly only of the large particles. 
The coordination nun1ber, which brings difficult to measure, was estimated from an easily n1ea-
surable parameter, void ratio. Even though many approaches have been done experimentally, COlU-
putationally and theoretically, there are no reliable models predicting the relationship between the 
void ratio and the coordination number. Figure A.3 shows a series of packing siluulations of disk 
assen1blies whose coefficient of uniformity, Uc , are 1.00, 1.03 1.11 and 1.28, and with various inter-
particle friction angles 1/). On the basis of Fig. A.3, the following quadratic fitting curve was used 
in this study: 
nL = 9.02 - 44.8eL + 92.3ei. (A.5) 
The void of the large particles (Vloid ) is obtained by the general equation Vl oid = Vso lid + Vsoid + 
Vdead, where the three tern1S on the right side are the volulue of small particles, void of the small 
particles and the dead space due to Aa (see Fig. A.2), respectively. The dead space of Aa (Fig. 
A.2) is introduced to the model by considering the dead space. Vloid and Vsoid can be replaced 
by Vs~lid eL and Vs~lid es, respectively, and Vdead can be expressed by Vs~lid (3(0:), then the following 
equation is obtained: 
(A.6) 
Finally we obtain the following representation of Ws considering the effect of 0:: 
100 Vs~lid Ws= Vs~lid + Vs~lid 
100 { e L - (3 ( 0: ) } 
eL + es + 1- (3(0:)' (A.7) 
Note that equation A.7 yields equation A.2 when 0: is sufficiently large . 
• Derivation of W~ State (d) in Fig. A.I is regarded as the state that the contribution of the large 
particles to the luechanical properties of the n1ixture is negligible. The volun1e fraction of the sn1all 
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particles in this state is denoted by W~; Figure A.4 shows the schematic ilnage of the contacts of 
large and slnall particles when Ws = TiV~. As shown in this figure, the space between the large 
particles is of the same length as the total diameters of m slnall particles. 
I 
, 
I 
, 
H~ pOlhelicnl p~,rlicle 
Fig.A.4 The schematic image of the large particles, the small particles and the hypothetical 
particles. The hypothetical particles are shown with dashed line and their radii are enlarged 
by adding the radii of m small particles to a large particle. 
Now we assure hypothetical particles \vhose radius is enlarged by adding the radii of m, small 
particles to a large particle. These particles have contact with each other whose arrangement is 
identical to that of only large particles. Therefore we aSSUlne; 
vhyp void 
---e V hyp - L, 
solid 
(A.8) 
where Vs:rfd and Vv:~~ are the volulne of the hypothetical particles and the residual volume, respec-
tively. 
V hy? is calculated as: sol'Ld 
Vhy? = V L. (rL + mrs)2 
sol'Ld sol'Ld r 
'L 
The difference of the volume of a hypothetical particle and a large particle Ab is 
(A.9) 
(A.I0) 
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According to equations A.8-A.10, Vv~id when Ws = W,~ is calculated as: 
V L - Vhyp VL Ab void - void + solid --2 1rrL 
= V L . (rL + mrs )2 
sol1,d rL eL 
L [(rL+mrs)2-rl] 
+ Vsolid 2 . 
r L 
This volume is filled with the small particles and its void ratio is 
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(A.11) 
Fig.A.5 The Ii!!.s curve and the wg curves whose mare 1, 2 and 3, respectively in 2D. 
e - Vv~id 1 s--s-- . 
Vsolid 
Conlbining equation A.11 with A.12, we obtain 
Accordingly W~ is calculated as: 
VV b = 100 Vs~lid 
S VL + V S 
solid solid 
100 {(a + m)2eL + m (2 a + m)} 
(a + m)2eL + m (2a + m) + a 2(1 + es)" 
(A.12) 
(A.13) 
(A.14) 
Figure A.5 shows the Ws and Hl~ when es and eL are 0.146, where 0.146 is the void ratio of densely 
packed poorly-graded disks obtained by DElvl sinlulation described in the following section. Three 
lines of W~ whose m is 1, 2 and 3 are depicted together as exanlples, however m is not limited to the 
integer but is the positive actual nUIl1ber. T¥s and W~ at a certain a and m are obtained by reading 
the vertical line on the certain a. For exall1ple, according to the graph Ws and W~ are 9.6% and 
36.2%, respectively, when a is 10 and m is 2. T¥s and W~ converge on 11.3% when a is sufficiently 
large. 
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3D model 
• Derivation of Ttl's Figure A.6 shows the schematic ilnage of contacts between large and small 
spheres in 3D. Va (corresponding to Aa in 2D) is the volun1e in which sn1all particles cannot exist. 
Va is calculated by multiplication Aa by perin1eter of circle whose radius (rc) is the distance between 
the contact point of two large particles and the gravity point of Aa. 
2 
rc = - (rL tanw - rs) 
3 
Va = Aa 27rrc 
4 
= Aa:3 7r (rL tanw - rs). 
(A.15) 
(A.16) 
The value of (3(a) in 3D is calculated by Va and nL in a sin1ilar way to equation A.4 to introduce 
the dead space of Va (Fig. A.6) in the n1odel. 
(3(a) = nL 
- 7r r3 3 L 
a 2 ( tan w - w) - (~ - w ) 
------3---=2=----(a tanw - 1) nL 
4a (A.17) 
nL should be obtained by easily Ineasurable value eL. 
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, 
Fig.A.6Va is the volume in where the small particle cannot exist. Va is obtained by multi-
plying Aa by rc, where rc is a length between the contact point of two large particles and the 
center of the gravity of Aa. 
Figure A.7 shows the relationship between the void ratio and the coordination number of spherical 
asselnblies obtained by various methods: DEM by Katagiri (private communication), experilnents 
[16,83]' modeling [16], geOlnetrical consideration of the ideal packing [87], X-ray CT observation [72], 
and isostatic theory [88]. In general, the coordination nUlnber increases with decreasing void ratio, 
and the inclination takes similar value for each series of researches. However, the intercepts of the 
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e-n line differ fronl series to series; the results of numerical analyses on random packing may not be 
described by the interpolation of two regular packing [16], which the experimental results support 
it. Additionally, the variety in the relationship between the coordination number and the void 
ratio an long previous studies implies that the packing state of the spherical assembly is sensitive 
even to the snlall difference of the particle characteristics such as inter-particle friction angle, size 
distribution. Further understanding of the granular material is necessary to obtain a conclusive 
relationship between the coordination number and the void ratio. In this study, Smith's model [16], 
based on the interpolation between dense and loose regular packing is given as: 
nL = 15.75 - 10.74eL, (A.18) 
which agrees well with the experimental results, and the fitted line for DEM simulations on the 
mono-sized particles packing is expressed as: 
nL = 12.67 - 11.58 eL, 
were used for the prediction. Then Ws is obtained in a similar way to equation A.7 as: 
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Fig.A.7 Relationship between the void ratio and the coordination number of spherical assemblies . 
• Derivation of W~ The volunle of hypothetical sphere (V;~Yrd) is 
vhyp _VL (rL+ mrs)3 
solid - solid rL 
The volume of void fonned by hypothetical spheres (V;~~~) is 
v
hyp 
- VL 
void - solid 
(A.21) 
(A.22) 
A.1 Shear strength Inodel of binary mixture 153 
TableA.l The Inechanical parameters of the simulation cases. 
particle The interparticle fric- The interparticle fric-
Content of sn1all par-
Case size ratio, tion angle of large tion angle of small 
particle,'lj; L (deg.) particle, 'lj; s ( deg.) ticles, TiV s (%) a 
A10P27 10 27 27 
0, 5, 10, 15, 20, 30, 
40, 50 and 100 
A10P45 10 45 27 
0, 5, 10, 15, 20, 30, 
40, 50 and 100 
A2P27 2 27 27 0, 20, 30, 50 and 100 
A2P45 2 45 27 0, 20, 30, 50 and 100 
The difference of the volume of void of hypothetical sphere and a large particle (Vb) is 
(A.23) 
Then, Vv~id is calculated as: 
TTL _ v hyp T(L Vb 
v void - \ void + \ solid 
-'if rL3 3 . 
=VL. (rL+ mrs)3 
sohd rL 
T(L. [(rL+mrs)3-rij 
+ \ sol1,d 3 . 
r L 
(A.24) 
According to equation A.24, W~ is calculated as: 
Hlb = 100 Vs~lid 
S VL VS 
solid + solid 
100 {(a + m)3 eL + (a + 'm)3 - a 3} 
(a + m)3 eL + (a + m)3 + a3es (A.25) 
Figure A.8 shows TiVs and H'~ whose mare 1, 2 and 3, respectively, in 3D when both eL and es are 
0.6, where 0.6 is the typical void ratio of the poorly-graded granular materials. H's calculated by 
Eq. A.18 and A.19 took ahnost the same values, 26.3 % and 26.7 %, respectively, when a is 9.8. 
A.1.3 Discrete Element Method simulation 
Simulation procedure 
Discrete Elen1ent ]'v1ethod (DEI'v1) [61] is a powerful tool in analyzing the n1echanical and structural 
properties of granular Inaterials frOln the n1icrolnechanical view point. A 2D DEM prograln "DETv1-
seg" [55] 'was used to sinlulate direct shear test of binary Inixtures. Sin1ulation cases and paran1eters 
are presented in Table A.1 and A.2, respectively. Linear springs, kn and ks, were used to calculate 
the norn1al and the tangential forces between the particles, and the contact slip was introduced 
according to the Coulonlb's friction law. 'lj;L was applied to the frictional force calculation between 
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Fig.A.8 The Ws curve and the wg curves whose mare 1, 2 and 3, respectively in 3D. 
TableA.2 Simulation parameters. 
Particle density, p (gl Cln2 ) 2.5 
Normal spring constant, kn (N 1m) 1.0 * 105 
Nonnal daInping coefficient, Cn (Ns/ln) 10.0 
Tangential spring constant, ks (N 1m) 2.5 * 104 
Tangential dmnping coefficient, Cs (Ns/m) 5.0 
two large particles, and 'ljJ 5 was applied to the contacts between a large particle and a small particle 
or between two small particles, respectively. 
A series of simulations was conducted by following steps: (1) about 4,000 large and small disks 
were generated under the conditions of given Ws and a values finally attained; (2) the disks were 
isotropically conlpressed with zero degree of inter-particle friction angle; (3) the disks in the top and 
bottOln layers were unitized to form boundary plates and the right and left side of the assemblies 
were set as periodical boundaries; (4) the initial void ratio of assenlblies was measured; (5) the top 
plate was displaced to the right or to the left at a constant rate under a constant 2D confining 
pressure (100 N/m), and the shear resistance was Ineasured. Figure A.9 shows some examples of 
assenlblies, corresponding to the initial, the peak shear strength, and the residual states. 
Figure A.10 and A.11 show the particle size distributions when the value of a were 10 and 2, 
respectively. Note that the diameters of both large and small particles have ±10 % deviation from 
their mean dianleters to prevent particles froln order configuration [89]. 
Simulation results 
.Void ratio Figure A.12 plots the initial void ratio of prepared assemblies against Ws with the 
theoretical relation derived by Yerazunis et al. (1962) [81]. Yerazunis defined two lines under the 
assunlption that the particle size ratio (a) is sufficiently large: (1) a downward line, corresponding 
A.I Shear strength lTIodel of binary mixture 
(a) 
(d) 
(g) 
(j) (k) 
Fig.A.9 (a), (b), (c) An assembly with a = 10 and T¥s = 20% in the initial state (the 
shear strain E = 0%), in the peak shear resistance (E = 3.75%) and in the residual state 
(E = 25%), respectively. (d), (e), (f) An assembly with a = 10 and l¥s = 50% in the initial 
state (E = 0%), in the peak shear resistance (E = 3.75%) and in the residual state (E = 25%), 
respectively. (g), (h), (i) An assembly with a = 2 and W s = 20% in the initial state (E = 0%), 
in the peak shear resistance (E = 3.75%) and in the residual state (E = 25%), respectively. (j), 
(k), (1) An assembly with a = 2 and l¥s = 50% in the initial state (E = 0%), in the peak 
shear resistance (E = 3.75%) and in the residual state (E = 25%), respectively. 
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to Area A in Fig. A.l, describes the case where sn1all particles exist in the void an10ng the large 
particles as Ws :::; W,5 (Fig. A.l (b)); (2) an upward line, corresponding to Area C in Fig. A.l, 
describes the case where large particles are buried in the slnall particles as Ws 2:: W~ (see Fig. 
A.l (d)). The intersection point of the two theoretical lines, corresponding to Area B in Fig. A.l, 
indicates Ws = 11.3% which is the same as the Ws and W~ of the 2D n10del when a is sufficiently 
large (see Fig. A.5). The simulated void ratio formed a curve rather than the two theoretical lines, 
however the void ratio curve with a = 10 shifts towards the theoretical line compared with the 
curve with a = 2. This in1plies that the transition range A rea B is indispensable in considering the 
structure of binary n1ixture with finite a. 
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• Shear strength Figure A.13 shows the schematic in1age of direct shear simulation. The shear 
strain (E), the volumetric strain (EV) and the angle of shear resistance (¢) are calculated as follows. 
6.d (A.26) E h' 
6.h (A.27) EV = h ' 
¢= arctan ( ~ ) 
O'c max 
(A.28) 
6.d, 6.h and h are defined in Fig. A.13, and T and 0' c are the shear strength and the confined 
pressure, respectively. Figure A.14 shows the exarnples of the angle of shear resistance (¢) and the 
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Fig.A.14 An example of the angle of shear resistance (¢) and the volumetric strain (EV) against 
the shear strain (E) in the case 0: = 10 and Ws = 10%. 
volumetric strain (EV) against the shear strain (E) when a = 10 and Tiffs = 10%. The angle of shear 
resistance reached its peak when E was about 3%, and the residual state whenE was over 12%. The 
granular assenlbly developed dilation, with increasing shear strain, and reached the residual state 
of constant volume when E was increased to 12%. Note that this dilative tendency is conlnlonly 
observed for dense granular Inaterials [90]. 
Figures A.15 and A.16 show the angle of shear resistance for the cases of a = 10 (¢ of AI0P27 and 
AI0P45) and the case of a = 2 (¢ of A2P27 and A2P45) against Ws, respectively. Looking at the 
result of AI0P27 and A2P27, one can understand that the peak shear strength of the binary mixture 
is nlore or less affected by the mixture contents W s even with the identical friction coefficient for the 
larger and the snlaller particles ('I/J L = '1/) S = 27 ( deg, ) ). This effect comes from the pure geometry of 
the binary granular system such as roller effect [e.g. 23] and solid inclusion effect [e.g. 24] . 
• Validation of the model If we pay attention to the difference between AI0P45 and AI0P27 (or the 
one between A2P45 and A2P27), it indicates the effect of contacts between large particles, which is 
plotted in Fig. A.17 and A.18. The vertical axis in the figures A is the stress ratio difference defined 
as follows: 
45 27 A = Tmax - Tmax 
CJc 
(A.29) 
where T!5ax and T~7ax are the Inaxilnuln shear resistance of the assemblies with 'l/JL = 45 and 'l/JL = 27, 
respectively. \7Ve found that the tendency in the silnulation was basically consistent with the 
proposed Inodel. \7Ve also see sonle inconsistency on TiVs between the model and the nUl1lerical result 
when a=lO (Fig, A.17), which is probably due to the assu111Ption of hOlnogeneous distribution of 
the slnall particles in the proposed model. Figure A.19 shows an exal1lple of the close-up il1lage of 
the initial condition of the assenlbly at W s = 5%. It can be seen clearly that the snlall particles 
are disproportionally arranged and the sonle are filled with the void between the large particles (see 
A and B in the Fig. A.19), which nlay cause the difference between the nlodel prediction and the 
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silnulation result. 
159 
Figure A.20 shows the coordination nUlnbers only between the large particles nL(= 2CL /NL ), 
only between the small particles ns (= 2C s / N s) and between all particles (the mean coordination 
number) n (= 2C / N) where C, C L, C s are the nUlnbers of the contact points of all the particles, 
only between the large particles and only between the small particles, respectively, and N, N L, ~N s 
are the nUlnbers of all particles, the large particles and the sn1all particles, respectively. Rattlers, 
particles with fewer than two contact points, are mechanically unstable and thus are ignored in the 
calculation, following the isostatic concept [91]. However, it is worth mentioning that the n1ixtures 
whose Ws are between 5 and 15 % include 20 - 40 % rattlers, because small particles among the 
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Fig.A.17 The stress ratio (A) of the cases whose a is 10 against Ws with proposed 2D model. 
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Fig.A.18 The stress ratio (A) of the cases whose a is 2 against Ws with proposed 2D model. 
large particles generally have small contact points. The mixtures whose Ws are 0 or over 20 % also 
include 0 - 8 % rattlers, due to the monodispersity of particles. 
As mentioned in Section A.l.2, the proposed lTIodel describes Ws with three stages on the basis of 
Ws and lV~ determined by Eqs. A.7 and A.14. According to this model, nL is constant (4.25 in this 
case), when Y¥s ::::;; Ws , decrease linearly to zero with Y¥s when Ws < Ws ::::;; W~, and be constantly 
zero when Y¥~ ::::;; "\iVs. Moreover, ns is zero when Ws ::::;; Y¥s, and increase gradually with Ws when 
Ws < Y¥s according to the nlodel. However, sinlulation results do not show constant values of nL 
and ns but show gradual transition in the range of Y¥s ::::;; TiVs ' This lTIay be due to heterogeneous 
distribution of the smaller particles as shown in Fig. A.19. 
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A.1.4 Direct shear box test 
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A series of direct shear tests was perfonned on densely-packed binary n1ixtures using a lnodified 
box-type direct shear apparatus (width: 100, depth: 50, height: 50 mm) [54J. The tests were carried 
out under the confining pressure of 100 kPa, and the angle of shear resistance (¢) was calculated as 
¢ = tan- 1 (T / (3) on the assun1ption of no cohesion. Table A.3 sUlnlnarizes the testing conditions, 
where GG indicates a n1ixture of large and slnall glass beads, and SG indicates a lnixture of large 
silica sand and small glass beads. The particle size ratio a was 9.8 for both of theln. Figure A.2l 
shows the grain size distributions of all cases together. 
Figure A.22 shows the images of the particles taken by a n1icroscope. All the specin1ens were 
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TableA.3 The cases of direct shear tests. D50 is the mean particle diameter in this table. 
Case 
GG 
SG 
Large particle 
Glass beads 
(D50 = 1500 p, m) 
Silica sand 
(D50 = 1500 p, m) 
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Fig.A.21 The grain size distributions of the test samples. 
prepared as dense as possible by the vibration, which means that the corresponding relative density 
was aln10st 100%. The void ratios of GG and SG were almost same in every Ws-value (Fig. A.23). 
The intersection point of two theoretical line (Ws = 27.3%) shows accordance with the convergent 
value of TVs and W~ when a is sufficiently large (Fig. A.8). Figure A.24 shows the n1easured angle 
of shear resistance ¢ of GG and SG against Ws. The difference between ¢ of SG and GG is due to 
the contribution of the contacts between the large particles on the shear resistance of the granular 
n1aterial. As sin1ilar to Equation A.29, the stress ratio is defined as below, 
A= (A.30) 
where r 5G and TGG are the 111axi111u111 shear strengths of SG and GG, respectively. Figure A.25 max max 
shows the relationship between A and TV s for the box shear tests and the proposed 3D model. The 
values of TiVs predicted by Eqs. A.18 and A.19 were 26.3 % and 26.7 %, respectively, and is plotted at 
the almost saIne point as shown in Fig. A.25. Thus the author adopted Eqs. A.18 for determining 
TVs , which does not affect the overall 1110del response. The 111echanical contribution of the large 
particles disappears at around Ws = 50%, which corresponds to the n10del result with m = 2. This 
value of'm is in accordance with the two-di111ensional result in the previous section. 
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(a) (b) (c) 
Fig.A.22 Microscopic images of particles used in shear box test. (a) Silica sand whose mean 
particle diameter (D50) is 1500 p,m. (b) Glass beads whose D50 is 1500 p,m. (c) Glass beads 
whose D50 is 153 p,m. 
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Fig.A.23 Void ratios of GG and SG vs. Ws relationship compared with Yerazunis 's theoretical line. 
A.1.5 Conclusion 
A simplified packing structure model of binary granular mixture is proposed to estimate the 
contribution of the large and the small particles' frictional parameters to the shear resistance of 
the mixture. The model determines the threshold volume fractions of the small particles, Ws and 
W~. The former is the threshold where the Inechanical contribution of the small particles becomes 
negligible, while the latter is the threshold where the mechanical contribution of the large particles 
becomes sufficiently small. These values are described as a function of the particle size ratio. 
The proposed model is validated both by a series of 2D DEM simulations and by the physical 
experiments. It was found that the model successfully evaluates the shear strength transition as 
a general trend. However, it also turns out that the contribution of the small particles cannot be 
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Fig.A.25 The stress ratio, A, obtained using equation A.25 against Ws comparing to the 
proposed 3D model. 
negligible even in their small content. This is lnainly because the clusters of the slnall particles 
prevent the large particles fron1 contacting, and accordingly the coordination number between the 
large particles is reduced to some extent. In general, the contribution of the large particles disappears 
when their average spacing with respect to the sn1all particle size, m, is around 2 both in sin1ulation 
and experiment. Numerical sin1ulation result on the coordination nU111ber implies that the force 
network only with the large particles can be negligible under this condition (Fig. A.20). 
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A.2 Effect of particle sIze ratio on shear strength of binary mixture 
A.2.1 Introduction 
A binary granular Inixture is characterized by only three paralneters DL , Ds and lVs which denote 
the diameters of large and snlall particles and the content of small particle, respectively. Neglecting 
the particle size effect due to gravity, viscosity of fines and crushability of gravels, the binary nlixture 
is characterized by only two parameters W s and the particle size ratio a( = D L / D s). 
These two parameters affect the range of void ratio in static packing conditions and the shear 
strength of such assemblies. McGEARY (1961) [14] showed experinlentally the relation between the 
range of void ratio and the above two paralneters, and Lade et al. (1998) [8] fornlulated theoretically 
a model detennining the void ratio as a function of the percent by weight of snlall particles under 
the assumption of a ~ O. Mean\vhile the relation between the void ratio and the shear strength of 
the binary granular nlixture has not been sufficiently clarified. In this chapter, therefore, the author 
examines the effect of the void ratio on the shear strength both by experilnents on glass beads and 
by DEM simulations. 
A.2.2 Direct shear box tests 
A series of direct shear tests was performed on densely-packed binary mixtures of spherical 
glass beads of various conlbinations of a and TiV s. The direct shear apparatus presented in S ec-
tion 2.2 [54] is used in this study as well, and the angle of shear resistance 'ljJ is calculated as 
('ljJ = arctan( T / O"n)max) under a confining pressure of 100 kPa with on the assumption of no cohe-
sion, where T and O"n denote the shear stress and the confining pressure, respectively. Table A.4 
shows experiment cases; all the specimens were prepared as dense as possible, which means that the 
corresponding relative density was ahnost 100 %. Figure A.26 shows the void ratio e of sanlples of 
various a and Ws together with the theoretical relation [12]. The void ratio decreases with increas-
ing a as indicated by previous researches [14]. Figure A.27 shows the angle of shear resistance 'ljJ vs. 
content of small particles TiVs together with the best fitting lines for different 0:. Note that samples 
were prepared to have Ws-values larger than 30 % so that both the gravity segregation and the 
effect of the larger particle size cOlnpared with the size of apparatus might be negligible. The figure 
shows that the shear resistance basically increases with decreasing void ratio in every case, but the 
correlation between the increasing rate and a is not clear. The relation between 0: and e are plotted 
in Figure A.28 together with the best fitting lines for different a, though the fitting accuracy is not 
very high. Figure A.28 shows some clear trends as follows: 
1. In spite of similar Dr-values of about 100%, e decreases and a increases with decreasing TiV s 
wi thin the range of W s; 
2. "\iVhen Ws = 100%, which nleans the material is mono-sized, all the curves are converged into 
the single point (e = 0.58, 'ljJ = 31.8); 
3. The figure shmvs that the inclination of 'ljJ - TiVs curve decreases with increasing a, which ilnplies 
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that when the particle size ratio is sufficiently large, the dependency of 0: on e vanishes. 
The result also indicates that the highest shear resistance can be attained in the transient condition 
(0: = 4.7 and Ws = 30%). 
TableA.4 The cases of experiment. 
Large particle Snlall particle Particle size ra-
size DL (/-Lm) size Ds (/-Lm) tio 0: Content of small particles Ws (%) 
338 153 2.2 30, 50, 70, 90, 100 
725 153 4.7 30, 50, 70, 90, 100 
1500 153 9.8 30, 50, 70, 90, 100 
4050 153 17.5 30, 50, 70, 90, 100 
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Fig.A.26 Void ratios of binary mixtures with different particle size ratio. 
A.2.3 DEM simulations 
A 2D DEM progranl presented in Section 2.3 was used to sinlulate a series of sinlple shear tests 
on binary granular mixtures. Table A.5 sunlnlarizes the silllulation cases. The sinlulation consists 
of following steps: 
1. About 4,000 large and snlall disks are generated according to the particle size and TrV s pre-
scribed in Table A.5; 
2. The disks are isotropically conlpressed with zero degree of inter-particle friction angle; 
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3. The disks in the top and bottom layers are unitized to make boundary plates and the right 
and left side of the assemblies are set as periodical boundaries; 
4. The top plate is displaced to the right or to the left with a constant speed under a constant 
confining pressure, and the shear resistance is Ineasured. 
Figure A.29 plots the initial void ratio of the prepared specilnens against the percent by weight of 
slnall particles; the curve sifts towards Lade's theoretical lines as the particle size ratio CY increases, 
which is consistent with the experimental results shown in Fig. A.26. Figure A.30 shows the angle 
of shear resistance 1j; vs. void ratio e in which 1j; is detennined as the average values of the rightward 
and leftward shear simulations. As can be seen in this figure, rtjJ increases with decreasing e, i.e. 
decreasing Ws, and this tendency gradually subsides with increasing CY, which is in good accordance 
with the experin1ental results shown in Fig. A.28. Therefore, it can be said that the 2D DEM 
simulations qualitatively reproduce well the behavior of binary granular mixture observed in the 
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experiments. Note that the quantitative inconsistency is mainly due to the dimension difference 
between the DEM simulation (in 2D) and direct shear test (in 3D). 
Figures A.31 (a) and (b) illustrate the particle snapshots at the state of peak shear resistance 
with acting contact force networks of large particles observed in two simulation cases with the same 
particle size ratio a = 10 but different values of smaller particle content, Ws = 50% and lVs = 20%, 
respectively. In the fornler case, larger particles may not contribute to fonn primary force chains 
because the content of larger particles is relatively low. However, they behave as solid inclusions or 
obstacles to exhibit higher shear resistance in comparison with the mono-sized asselnbly. On the 
other hand, the specimen of the latter case consists of considerable number of larger particles, and 
they construct networks of primary force chains. In addition, the smaller particles support these 
force chains, which results in higher shear resistance compared with the mono-sized assembly. These 
two properties; (a) force chains of large particles and (b) solid inclusions, can be called the kinematic 
constraint efFect in the binary granular Inixture. What is important is that the two types of effects 
gradually counterchange according to Ws and the manner of this transition can describe the effect 
of a. When a becomes sufficiently large, the effect of inclusion may vanishes because the effective 
range of smaller particles becomes sufficiently small, and very few force chains may be formed by 
large particles. 
TableA.5 The cases of experiment. 
Large particle Small particle Particle size ra-
size DL (mnl) size Ds (mm) tio a 
Content of snlall particles W s (%) 
3 1 3 30, 50, 100 
5 1 5 30, 50, 100 
10 1 10 20, 30, 50, 100 
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Fig.A.29 Initial void ratio simulated by DEI'vi. 
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Fig.A.31 Images of particles and inter particle force in the peak shear strength of DEM shear simulation. 
A.2.4 Conclusion 
The void ratio e and the shear strength 1j; of binary granular mixtures with various particle size 
ratio a and the content of small particles W s were examined by a series of direct shear box tests 
and DEM simulations, and the following results were obtained: 
1. The void ratio of dense binary mixture decreases with increasing a; 
2. The angle of shear resistance of the binary mixture of a certain value of a increases with 
decreasing W s and the void ratio. The rate of increase in shear resistance decreases with 
increasing a and becomes zero when a is sufficiently large; 
3. DEM simulations suggested that two types of kinematic constraint effects may contribute to 
the increase in the shear resistance. 
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A.3 Ball-bearing effect on shear behavior of binary mixture 
A.3.1 Introduction 
It is well known that in the softening process under shear, the deformation of granular nlaterials 
localizes and concentrates in an area of a specific thickness called shear band. The shear band is 
a unique defonnation characteristic of granular materials and its thickness has been the subject of 
extensive research. 
Binary mixtures, a mixture of granular Inaterials of two sizes, have attracted attention in the 
geotechnical field for investigating the nlechanical behavior of gravel-soil structures such as rockfill 
dams. Many experimental studies have indicated that the shear strength of a gravel-soil mixture is 
mostly controlled by gravel when the gravel content is high, whereas it is controlled by soil when 
the gravel content is low [92-94J. Furthermore, similar thresholds were found for other 111echanical 
characteristics such as compressive strength and fall cone penetration resistance in gravel-clay mix-
tures [95]. However, despite 111any experimental achievelnents, only a few theoretical interpretations 
of the contribution of each sized particles in binary 111ixtures have been presented [96]. Lupini et 
al. presented a detailed interpretation of shear band development in soil-clay mixtures with vary-
ing clay content [97]. However, observation of the shear band is difficult and may associate with 
non-negligible uncertainty. A numerical photogranlmetry technique for measuring the mOVe111ent of 
each grain including rotation was proposed, but this technique was only e111ployed to observe the 
asselnblies of specially prepared cylinders [98J. 
The discrete elenlent nlethod (DEM) is very useful for silnulating the movement and rotation of 
each grain [99]. Previous research using DEM has revealed that grain rotation plays an important 
role in shear band develop111ent [100J and the grain rotation of poorly graded granular material 
shows good agreelnent with the continuum rotation of the material [101,102]. For poorly graded 
granular 111aterials, such as those described above, the shear band characteristics have been researched 
experimentally, numerically, and theoretically. However, we still do not have much knowledge about 
the shear band nature of binary mixtures. 
The ball-bearing effect in which the small particles are sandwiched by large particles and rotate 
and behave like lubricating agents is well known in the field of concrete technology. Fine spherical 
coal called "fly ash" is Inixed with concrete to increase its workability without increasing the water-
celnent ratio e.g., [103]. The author believe that the ball-bearing effect also affects the shear behavior 
of the binary Inixture, depending on W s. 
In this chapter, a series of DEI'v1 shear sinlulations was conducted on three types of binary 111ixtures 
with different W s to investigate particle rotation, continUU111 rotation, and the shear band thickness. 
A.3.2 Simulation procedure 
Table A.6 lists the simulation cases, where Types A and B are two types of peanut-shaped particles 
consisting of two clanlped disks. Their elongation ratios (i.e., width( w) to length(l) ratios) are 0.67 
and 0.80, respectively, as depicted in Fig. A.32. Type A is nlore elongated and Type B is nlore round 
A.3 Ball-bearing effect on shear behavior of binary n1ixture 171 
compared with well-knmvn sands such as Toyoura and ]V[onterey sand, whose elongation ratios are 
0.7 [72] and 0.72 [73], respectively. The particle size ratio a (= large particle dian1eter / sn1all particle 
diameter) was set as 10 in all cases and the content of small particles TiVs was varied fron1 0 to 100 %, 
as shown in Table A.6. Note that a ofDPA and DPB are calculated using a = DL/w. Table A.7lists 
the physical parameters of the particles determined on the basis of previous studies [104]. Note that 
the author conducted additional shearing sin1ulations of disk assemblies with an interparticle friction 
angle of 45 degrees to examine its influence on the shear deforn1ation. No significant differences were 
found with respect to the shear band thickness and particle rotation, whereas shear resistance was 
larger. 
Alnong the sin1ulated cases, DD with 10% and 50% Ws are referred to as DD10 and DD50, respec-
tively, and DP A with 10% Tiffs and LPA with 10% lVs are called DPA 10 and LPA.10, respectively. 
A series of shear simulations on binary granular n1ixtures was perforn1ed using a 2D D E]VI progran1 
[55]. The silnulations were conducted using the following steps: 
1 Approxilnately 4,000 large and slnall particles were generated according to a and Tiffs pre-
scribed in Table A.6. 
2 The assembled densely packed and loosely packed san1ples ,vere isotropically cornpressed with 
interparticle fi'iction angles of zero and 27 degrees, respectively. Note that the interparticle 
friction angle is an essential paran1eter that indicates grain surface roughness. In general, an 
asselnbly with a higher interparticle friction angle shows higher shear strength. l\1axiumrn and 
n1inin1un1 densities were obtained for asselnblies with interparticle fi'iction angles of zero and 
45 degrees, respectively [104]. 
3 The particles in the top and botton1 layers were unitized to fonn boundary plates and the right 
and left side of the assen1blies were set as periodical boundaries. In particular, approxin1ately 
14 of the particles on the left side were kept as periodic particles throughout the calculation. 
The particles on the right side were stressed by the particles on the left side and vice versa, 
as if the assen1bly was sandwiched by the duplicated assemblies frOln the right and left sides. 
4 The top plate was displaced in the right or left direction with a constant speed under a 
constant confining pressure (100 N /n1) and the particle rotation was measured. The angle of 
shear resistance ¢ was calculated by the following equations: 
(A.31) 
(A.32) 
where (f1, f2) and (h, [2) are the horizontal and vertical con1ponents of the contact force and 
the branch vector, respectively, (0"11, 0"12, 0"21, 0"22) are the stress cOlnponents, and V is the 
total volulne of the particles. The values of f and [ were obtained by DEM. 
To Ineasure the continuun1 rotation and the shear band thickness, additional steps were conducted 
as follows: 
5 The smnples were horizontally divided into 10 layers, as shown in Fig. A.33. This process 
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TableA.6 Simulation cases. 
Packing state Particle shape Size ra- Content of small particles, 
Case (D;) Large Slnall( w / l) tio, a Ws(%) 
DD Dense (1.0) Disk Disk (1.0) 10 0, 5, 10, 15, 20, 30, 50, and 100 
DPA Dense (1.0) Disk Type A (0.67) 10 0, 5, 10, 15, 20, 30, 50, and 100 
LPA 
DPB 
Loose (0.0-0.07) Disk Type A (0.67) 10 0, 5, 10, 15, 20, 30, 50, and 100 
Dense (1.0) Disk Type B (0.80) 10 5, 10, 15, and 100 
is based on the assumption that the shear band develops in a horizontal direction under this 
condition. The effects of the number of layers were verified beforehand. For 3-20 layers, 
the accuracy of the local shear deformation increased as the number of layers increased. In 
contrast, the dispersion of the particle rotations increased because the number of particles 
in the layer decreased. Therefore, the number of layers was determined to be 10 to ensure 
balance between these two effects. 
6 The continuunl rotation en (where n = 1,2,3"'10) of each layer was obtained by calculating 
the defornlation of each layer (Fig. A.33). 
7 The particle rotation was measured layer by layer and conlpared with the continuunl rotation. 
S The continuunl rotation under the assunled uniform defornlation ee was calculated (Fig. A.33). 
9 The shear band thickness was defined as the total thickness of layers sandwiched between the 
tOPlTIOst and lowest layer, each having a value of en greater than ee (Fig. A.33). The shear 
band was observed to be continuous layers of en > ee, except for DD50. The thickness of each 
layer was snlaller than the large particle size in DD50, which nlight affect the calculated value 
of en. However, the development of separate shear bands was not observed in this study. 
(a) Type A (wiZ = 0.67) (b) Type B ()tvl/ = 0.80) 
tV == 2R 
1==3R 1== 2.5R 
Fig.A.32 Peanut-shaped particle; (a) Type A, whose elongation ratio (wll) is 0.67; (b) Type 
B, whose wll is 0.80. 
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Fig.A.33 Shear deformation and continuum rotation. 
A.3.3 Results 
TableA.7 Simulation parameters. 
Parameter 
Density (kg/m2 ) 
Normal spring coefficient (N / m) 
Tangential spring coefficient (N / Ill) 
Normal damping (N sec/m) 
Tangential damping (N sec/m) 
Inter particle friction angle during shear (degrees) 
Value 
25.0 
1.0 * 108 
2.5 * 107 
10.0 
5.0 
27 
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Figure A.34 shows an example of the shear resistance-strain curve of DD50, as an eXalllple, which 
shows the formation of a clear peak to reach the residual state. The deformation modes of A, B, 
and C in Fig. A.34, whose shear strains ES are 0.038, 0.11 , and 0.23, respectively, are shown in Fig. 
A.35. After the assembly deforms uniformly (Fig. A.35 A), a shear band begins to develop as the 
stress state of the assembly shifts toward the residual state (Fig. A.35B, C). The direction of the 
principal stress does not change in the residual state, and the influence of the change in the principal 
stress direction on shear band development is limited at this stage. 
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Fig.A.34 Shear resistance-strain curve of DD50. 
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Fig.A.35 Deformation modes of DD50 whose shear strains tS are 0.038, 0.11 and 0.23, respectively. 
Particle rotation versus continuum rotation 
Figure A.36 and A.37schenlatically illustrates the relationship between the particle rotation and 
the continuulll rotation on the basis of the finite deforIllation theory and the ball-bearing effect. 
According to the finite deformation theory, the shear defornlation of an assembly is divided into two 
parts: rigid rotation and stretching (Fig. A.36). Because of the rigid rotation, all particles rotate 
by sonle alllount 5 (Fig. A.36 B). However, in the stretching phase, the average particle rotation 
becomes zero (Fig. A.36 C). As a result, the average particle rotation Ba is identical to the continuum 
rotation (= rigid rotation 5) of the assembly in the finite deformation theory. The particle rotation 
of the poorly graded granular nlaterials agrees with the continuunl rotation [102]. 
In contrast, in the ball-bearing condition in which the snlall particles are sandwiched by two large 
particles, the shear defornlation is caused by the sIllall particle rotation (Fig. A.37). The particle 
rotation Bb becomes larger than the continuulll rotation Be when Bb > 5. In this thesis, therefore, 
the rotation of the large particles BLand the snlall particles B s were compared with the continuunl 
rotation to clarify the ball-bearing effect. 
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Figures A.38(a)-(d) show the shear defornlations and Figs. A.38 (e)-(f) conlpare the continuum 
rotation and the Inean particle rotation of DD10, DD50, DP.A.I0, and LPA10, respectively, in their 
residual state. Figure A.38 (e) depicts that the large particle rotation shows good agreenlent with 
the continuuln rotation, whereas the mean slnall particle rotation is significantly different from 
the continuunl rotations. This is because the snlall particles sandwiched by large particles rotate 
excessively like ball bearings, as shown in the close-up image of DD10 (Fig. A.39). ] In Fig. 
A.39, black denotes clockwise rotations greater than 180 degrees and gray denotes counterclockwise 
rotations greater than 180 degree. 
Figure A.38 (f) shows the particle rotations of both large and slnall particles, which agree with 
the continuum rotations of DD50. As shown in the close-up image of DD50 (Fig. A.40), a few snlall 
particles rotate like ball bearings. This is mainly because slnall DD50 particles have less flexibility 
than DDI0 owing to more number of contact points. 
Figure A.38 (g) shows that the particle rotations agree well with the continuunl rotations of DP A10 
even though its Ws is the same as that of DD10. Only a few snlall peanut-shaped particles rotate 
excessively, as shown in the close-up ilnage of DPA.10 (Fig.A.41). The ball-bearing effect of DPA10 
is considered to be less compared with that of DD 10 because of the irregular shape of snlall particles. 
Figure A.38 (h) shows that the particle rotations generally agree with the continuurn rotation. 
However, the slnall particle rotation is sOlnewhat larger than the continuunl rotation. This is rnainly 
because the number of contact points of slnall particles of LP A10 is less than that of DPA10 owing 
to its loose packing state. 
For quantitatively evaluating the ball-bearing effect, in Fig. A.42 the average slnall particle rota-
tions of DD10 and DD50 are conlpared with respect to the coordination number and those of the 
ball-bearing particles are separately plotted as stars. Note that in this thesis, the snlall particles 
that are in contact with only two large particles and nlaintain contact during each sinlulation ternl 
(corresponding to 0.15s) are defined as the ball-bearing particles. In general, the rotations of the 
ball-bearing particles are considerably larger than those of other snlall particles. In DD10 and DD50, 
the nunlber of ball-bearing particles account for 4.7% and 0.13% of the total number of particles, 
respectively. The ball-bearing effect in DD50 is linlited because the proportion of ball-bearing par-
ticles is very small c0111pared with DDI0 despite their average rotations are very large. Figure A.43 
cOlnpares the particle rotation and the continuum rotation for various values of TiV s. Snlall DD par-
ticles whose W s values range from 5% to 15% exhibit clear dOlninant ball-bearing effects compared 
with the other cases. 
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A B 
Fig.A.36 Deformation sketch based on the finite deformation theory: A) initial state, B) rigid 
rotation and C) stretching. 
A B 
Fig.A.37 Deformation sketch based on the ball-bearing effect: A) at initial state and B) after 
deformation. 
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Fig.A.38 (a), (b), (c), (d) The images of particle assemblies in the residual state for DD10, 
DD50, DP A 10, and LPA 10, respectively. (e), (f), (g), (h) The continuum rotations and the 
particle rotations for DD10, DD50, DPA10, and LPA10, respectively. The dashed lines show 
the continuum rotation under the assumed uniform deformation Be. 
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Fig.A.39 The close-up image of DDI0. Black denotes clock-wise rotations greater than 180 
degrees and gray denotes counterclockwise rotations greater than 180 degrees. 
Fig.A.40 The close-up image of DD50. 
Fig.A.41 The close-up image of DPAIO. 
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Shear band thickness 
A new parameter D m , a type of mean diameter, was introduced to evaluate the shear band 
thickness of a binary mixture. Figure A.44 is a schematic illustration defining Dm: Fig. A.44( a) 
shows the particles in a binary mixture color coded according to their size; Fig. A.44(b) denotes 
the ratio of the areas of the slnall particles to large particles Ws : (100 - Ws); and Fig. A.44(c) 
shows that the large and small particles are stacked in a single column corresponding to the ratio 
Ws : (100 - W s ), where Nf and N~ denote the number of stacked large and small particles, 
respectively; Dm is defined as a type of mean dialneter, as follows: 
D _ DLNf + DsN~ 
m - Nb +Nb ' 
L s 
(A.33) 
where DL and Ds are the mean diameters of the large and snlall particles, respectively. 
Figure A.45 conlpares the shear band thickness of DD, DP A, and DPB . The shear band beconles 
thinner with increasing W s and no significant difference is observed in the thickness in this simula-
tion. Figure A.46 shows the normalized shear band thickness calculated by dividing the shear band 
thickness by Dm. V\Tith the exception of the DD10 case, the nornlalized shear bands range from 8 
to 16, i.e., the shear band thickness is 8-16 times larger than the Inean diameter, which is consistent 
with results obtained in previous studies [105-107]. In contrast, the shear band thickness of DD10 
is much slnaller than the average thickness of D D. 
Figure A.47 shows the frequency distributions of the coordination nUlnbers of DD10 in the initial 
and residual state, and Fig. A.48 shows those of DD50 for comparison. The frequency distributions 
of the initial state of DD10 and DD50 are silnilar and those of the residual state are very different. 
The frequency of coordination numbers having a value of one or two in the residual state is nlore 
in DD10 than in DD50. In the fornler case, the small particles sandwiched by two large particles 
are believed to rotate like a ball bearing, and they enable large deformations associated with the 
movenlent of the large particles in contact with them, as illustrated in Fig. A.37. 
Figure A.49 COlnpares the number of small ball-bearing particles per large particle of DD in the 
initial state with those in the residual state. In all cases, the number of snlall ball-bearing particles 
increases during shear conlpared with that in the initial state because of the positive dilatancy 
during shear. At 10% lVs , the snlall ball-bearing particles ratio was considerably larger than in 
other cases. This proves that the ball-bearing effect of small particles was most significant in this 
situation. Consequently, the thinner shear band of DD10 is considered to be significantly related to 
these snlall ball-bearing particles. 
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Shear strength 
Figure A.50 shows the angles of shear resistance for DD, DP A, and DPB in the peak and residual 
states. The peak shear strength of DD is almost constant irrespective of Ws. In contrast, the 
peak shear strengths of DP A and DPB increase with increasing Ws , which may be attributed to the 
particle shape effect of small clumped particles. The residual shear strength of DD decreases to some 
extent when Ws is 10% compared with other values of Ws. This implies that the residual shear 
strength is affected by the ball-bearing effect: the small ball-bearing particles reduce the chance 
that large particles will shear. However, contrary to our expectations, the effect of ball bearing on 
the shear strength is limited. It is mainly because the small particles sandwiched by large particles 
hardly keep rotating for a considerable term but were easily pushed out because the large particles 
were round in this simulation. 
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A.3.4 Conclusion 
A series of DEM simulations was conducted on various types of binary mixtures to evaluate the 
shear band thickness, the continuum rotation, and the particle rotation. The following observations 
were obtained. 
1. The particle rotation showed good agreement with the continuum rotation with the exception 
of the case involving densely packed binary disks, whose pro-portion of small particles is 10% 
(DD10). 
2. A representative diameter was proposed to validate the shear band thickness. Most shear 
band thicknesses were 8-16 times larger than the representative diameter. In contrast, the 
shear band thickness of DD10 was much smaller than that obtained in other cases. 
3. The residual shear strength of DD 10 was snlaller than that of other cases to some extent. 
However, the effect of the ball bearing on the shear strength was linlited under the sinlulation 
conditions used in this study. 
4. Snlall particles sandwiched by two large particles may act like a ball bearing and cause sig-
nificant defornlation that is associated with large particles. This mechanism is believed to 
be responsible for irregular particle rotation, thinner shear bands, and smaller residual shear 
strength of DD10. 
A.4 Shear behavior of poly-dispersed mixture 185 
A.4 Shear behavior of poly-dispersed mixture 
A.4.1 Introduction 
The packing structure of the well-graded granular nlixture has been extensively studied nlainly 
in the field of powder physics [42,50]. On the other hand, the quasi-static behavior of well-graded 
granular materials has been of great concern in the field of geolnechanics, but only a few systelnatic 
analyses have been conducted [IS,3S]. 
In this section, a series of two-dinlensional DEJ'vl silnulations was conducted for studying the sinlple 
shear behavior of granular materials with various cOlnpositions. 
A.4.2 Program and parameters 
Sinlulations 'were conducted using a two-dinlensional DEM prograln (1\1atsushinla and Saolnoto, 
2002) under the zero gravity condition with parallleters listed in Table A.S. 
TableA.8 Parameters used in DElv1 equipped with linear springs. 
Particle density (g/cm2 ) Ps 2.5 
Interparticle friction angle (degrees) cj) o or 45 
Normal spring constant (N Inl) k n 1.0*105 
Nornlal damping coefficient (Ns/nl) Cn 10.0 
Tangential spring constant (N I In) ks 2.5*104 
Tangential danlping coefficient (Ns/m) Cs 5.0 
A.4.3 Simulation procedure 
Figure A.51 shows the conceptual diagrams of the silnulation. In general, four copies of densely-
packed asselnblies were prepared for each case and they are sheared in four different directions, 
i.e. laterally to the right or left, vertically upward or dmvnward, to reduce the effects of the initial 
particle locations on the lnechanical behavior and obtain statistically reliable data. The simulation 
consisted of the following steps: 
1. As prescribed in Fig. A.51(a), 4500 to 7500 disks were generated according to a given particle 
size distribution. 
2. The particles were isotropically conlpressed with certain value of the inter-particle friction 
angle ¢ as shown in Fig. A.51(b). Note that zero degree was used for the densest packing, 
and 45 degrees for the loosest packing in this study. 
3. Four copies of the densely-packed assenlblies were prepared. In the case of lateral-shear, as 
shown in the upper figure of Fig. A.51 (c), the particles at the top and bOttOlll positions 
were fixed to fonn boundary plates and the right and left side of the assenlblies were set as 
periodical boundaries. In the case of vertical-shear, horizontal and vertical boundaries were 
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set inversely to case of the lateral-shear. 
4. In the case of lateral-shear, as illustrated in Fig. A.51 (d), the bottom plate was fixed and 
the top plate was displaced to the right (rightward shear) or to the left (leftward shear) with 
a constant speed under a constant confining pressure. In the case of vertical-shear, the right 
plate was fixed and the left plate was moved up (upward shear) or down (downward shear). 
(a) Generation 
Periodic boundary 
\~\ 
Unitized pmifcles / 
(b) Con1pression (c) Boundary 
condition 
t 
Fig.A.51 Particle packing simulation procedure. 
Right (or left) 
.. 
lJp (or do\vn) 
(d) Shear 
For evaluating the shear band thickness, additional steps as follows were taken: 
5. The samples were divided into 10 layers of equal thickness: horizontally in the lateral shear 
or vertically in the vertical-shear. 
6. During a given tilne interval (,6.t), the shear strain increment in i-th layer (,6.ri) was calculated 
using the following equation: 
( 
,6.x· - ,6.'x. ) 
,6.ri = arctan ~ Yi ~ , (A.34) 
where ,6. Xi, ,6. Xi are displacement of the bottOln surface and upper surface of i-th layer and 
Yi is height of i-th layer as shown in Fig. A.52. 
7. On the assulnption of uniform defonnation, the shear strain increnlent (,6. re) was calculated 
by the following equation 
f'>"(c = arctan ( ~x) , (A.35) 
where Y and ,6. X are height and displacenlent of the upper surface of the assenlbly as shown 
in Fig. A.52. 
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8. The layers whose .6. Ii was greater than .6. Ie were deten11ined to be the shear band and the 
total shear band thickness was calculated by lTIultiply the number of shear band layers and 
the height of each layer at the residual state. 
Fig.A.52 Definition of shear deformation. 
A.4.4 Simulation cases 
Nine types of disk asselTIblies prepared in Section 2.4: 8000, 8002, 8007, 8016, 8023, 8032, 8051, 
8073 and 8101, were used here again. Figure A.53 shows the particle size distributions of all the 
granular assen1blies. 
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Fig.A.53 Particle size distribution. 
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A.4.5 Simulation results 
Shear strength 
Figure A.54 and Fig. A.55 show variation in void ratio with (J and the patterns of packed assenlblies 
for SOOO, S002 and S007 where particles forming the hexagonal closest packing (Rep) are colored 
gray, respectively. As discussed in Section 2.4, the void ratio decreased with increasing particle 
size dispersion mainly, however, it had a peak at around (J = 0.164 mnl (Fig. A.54); the zones of 
Rep were dOlninant in SOOO, reduced in S002, and almost disappeared in S007 (Fig. A.55). The 
author considered that disk assemblies with very small values of size dispersion nlay easily pack in 
the state of Rep, the densest packing in two-dimension. Rence the void ratio of the mono-sized 
packing (SOOO) becanle very small, and the void ratio increased with increasing (J as the number of 
particles fornling Rep decreased. In S016 the effect of particles forming Rep perfectly disappears; 
in the cases whose (J are larger than 0.164 nlm, the void ratio was detennined purely affected by the 
particle size dispersion effect. The mixtures with (J-values less than 0.164 and those with (J-values 
greater than 0.164 are called "nlono-dispersed" and "multi-dispersed" mixtures, respectively. 
Figure A.56 compares the shear resistance-strain curves of the assemblies with various (J obtained 
in the cases of rightward shear. The shear strength curves of the nlono-dispersed samples did not 
clearly exhibit the peak and residual states. It is also to be noted that the shapes of curves were not 
unique for each case and dependent on the shearing direction, i.e. rightward, leftward, upward and 
downward, although figures are not shown in this thesis. On the other hand, the shear resistance-
strain curves of nlulti-dispersed samples formed clear peak and residual states, and the shapes of 
the curves were almost unique for each case irrespectively of the shearing direction. Moreover, in 
the multi-dispersed mixtures, the shapes of curves were not much different in spite of wide variety 
of size dispersion. 
Figure A.57 shows the dilatancy curves of the assemblies with various cOlnpositions. Similarly 
to the shear resistance-strain curves, the nlono-dispersed samples did not show the residual states 
obviously, and the Inulti-dispersed ones showed clear residual states. 
Figure A.58 compares the peak and the residual shear strength of all the simulation cases. First, 
both the peak and the residual shear strength of the multi-dispersed samples took almost the same 
value in spite of wide variety of void ratio values indicated in Fig. A.54, which is in accordance with 
the previous research [38]. Secondly, on the other hand, the shear strength of the mono-dispersed 
samples were deeply affected by (J and did not show any clear trend. Thirdly, the standard deviation 
of the nlono-dispersed saInples was larger than that of the Inulti-dispersed ones. No anlbiguous 
relationship between the shear strength and the void ratio was observed in this study. 
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Fig.A.55 Densely packed 8000, 8002 and 8007. 
A.4.6 Shear deformation 
Figure A.59 conlpares the shear band thickness normalized by the Inean diameter Dso for all the 
simulation cases. The standard deviation of nonnalized thickness of S002 was quite large, because a 
considerably thick shear band was formed in a simulation compared with the other three silnulations 
with different shearing directions. Except for SOOO the shear band thickness decreased with increasing 
(J-values in spite of inclusion of large-sized particles. 
In order to clarify the developlnent of shear band process, the shear strain increlnent of each 
particle (.6.'p) was computed using the following equation: 
(A.36) 
(A.37) 
where N, .6. Ui and li are the nUlnber of contact points of a particle, the relative defonnation vector 
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and the branch vector at each contact point, respectively. 
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Figures A.60(a) to (d) den10nstrate the developlnent of shear band in 8101 before peak ( ,s (= 
x/y in Fig. A.52) = 0.013), at peak (,s = 0.025), after peak (,s = 0.063) and at residual state (,s 
= 0.25), where the particles with !::::.'p > !::::.'c are depicted by black disks. At the beginning of the 
shear, the particles defornl uniforn1ly (Fig. A.60 (a)); at the peak state, the deforn1ation began to 
concentrate at the lower part of the assen1bly (Fig. A.60 (b)); after the peak state, the deformation 
continued to concentrate, and a shear band began to develop (Fig. A.60 (c)); in the residual state, 
the shear band fully developed, avoiding the considerably large particles (Fig. A.60 (d)). 
Figures A.61 and A.62 compare the particle size distributions in the shear band and in the whole 
area of the assen1blies for 8073 and 8101, respectively. In general, the size distribution curves 
coincided in smaller particle range than Dso, the curves for shear band deviated leftward in the 
larger particle range than Dso, that is, the considerably large particles were not included in the 
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shear bands. This tendency supports the aforenlentioned observation that the shear band develops 
avoiding the considerable large particles in the well-graded granular nlaterials. Note that the size 
distribution curves of samples whose o--values \\Tere less than 0.507 did not show the difference in the 
size distribution curves as described above. 
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(a) (c) 
(b) (d) 
Fig.A.60 Shear band development of S101. (a) Before the peak state (Es = 0.013), (b) at the 
peak state (Es = 0.025), (c) after the peak state (Es = 0.063), (d) at the residual state (Es = 
0.25). 
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A.4.7 Conclusion 
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A series of siITIple shear sinlulations of the disk asseITIblies with a variety of particle size distribution 
was conducted using two-dilTIensional Discrete Element Method. The ITIixed disk assemblies were 
classified into two groups according to their ITIechanical behavior: a) nlono-dispersed nlixtures with 
standard deviation (J of particle size slTIaller than 0.164 nllTI, and b) ITIulti-dispersed nlixtures with (J 
greater than 0.164 nlnl. The following findings were obtained frOITI the cOITIparison of shear behavior 
between these two groups: 
1. The mechanical behavior of the mono-dispersed mixtures was strongly governed by the parti-
cles forming the hexagonal closest packing (Rep). Their void ratio increased with increasing 
(J, ITIeanwhile the shear strength and dilatancy behaviors varied considerably case by case. 
2. The shear strength and dilatancy behaviors of the ITIulti-dispersed nlixtures were almost similar 
in spite of their wide range of size dispersion. 
3. The process of shear band developlTIent and the size distribution in the shear band suggest that 
the shear band developed avoiding considerably large particles in the well graded granular ma-
terials under siITIple shear. This may cause the mechanical consistency of the ITIulti-dispersed 
ITIixtures. 
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